REPORT  DOCUMENTATION  PAGE 


Form  Approved 
0MB  No.  0704-0188 


Public  reporting  burden  for  this  collection  of  information  is  estimated  to  average  1  hour  per  response,  including  the  time  for  reviewing  instructions,  searching  existing  data  sources, 
gathering  and  maintaining  the  data  needed,  and  completing  and  reviewing  the  collection  of  information.  Send  comments  regarding  this  burden  estimate  or  any  other  aspect  of  this 
collection  of  information,  including  suggestions  for  reducing  this  burden,  to  Washington  Headquarters  Services,  Directorate  for  Information  Operations  and  Reports,  1215  Jefferson 
Davis  Highway,  Suite  1204,  Arlington,  VA  22202-4302,  and  to  the  Office  of  Management  and  Budget,  Paperwork  Reduction  Project  {0704-0188),  Washington,  DC  20503. 


1.  AGENCY  USE  ONLY  (Leave  blank)  2.  REPORT  DATE 


3.  REPORT  TYPE  AND  DATES  COVERED 


14.Aue.02 


TITLE  AND  SUBTITLE 


MAJOR  REPORT 


5.  FUNDING  NUMBERS 


A  SECOND-ORDER  SELF-ADJOINT  EQUATION  WITH  MIXED  DERIVATIVES 


6.  AUTHOR(S) 

CAPT  MESSER  KIRSTEN  R 


7.  PERFORMING  ORGANIZATION  NAME(S)  AND  ADDRESS(ES) 

UNIVERSITY  OF  NEBRASKA  AT  LINCOLN 


8.  PERFORMING  ORGANIZATION 
REPORT  NUMBER 


CI02-125 


9.  SPONSORING/MONITORING  AGENCY  NAME(S)  AND  ADDRESS(ES) 
THE  DEPARTMENT  OF  THE  AIR  FORCE 
AFIT/CIA,  BLDG  125 
2950  P  STREET 
WPAFB  OH  45433 


10.  SPONSORING/MONITORING 
AGENCY  REPORT  NUMBER 


12a.  DISTRIBUTION  AVAILABILITY  STATEMENT 

Unlimited  distribution 

In  Accordance  With  AFI  35-205/AFIT  Sup  1 


12b.  DISTRIBUTION  CODE 


13.  ABSTRACT  (Maximum  200  words) 


DISTRIBUTION  STATEIViENT  A 

Approved  for  Public  Release 
Distribution  Unlimited 


20020829  037 


15.  NUMBER  OF  PAGES 


16.  PRICE  CODE 


17.  SECURITY  CLASSIFICATION  18.  SECURITY  CLASSIFICATION  19.  SECURITY  CLASSIFICATION  20.  LIMITATION  OF  ABSTRAC 
OF  REPORT  OF  THIS  PAGE  OF  ABSTRACT 


Standard  Form  298  (Rev.  2-89)  (EG) 

Prescribed  by  ANSI  Std.  239.18 

Designed  using  Perform  Pro,  WHS/DIOR,  Oct  94 


1 


_ This  is  page  1 

Printer:  Opaque  this 


The  Second-Order  Self-Adjoint 
Equation  with  Mixed  Derivatives 

Kirsten  Messer 


1  Introduction 

In  this  chapter,  we  are  concerned  with  the  second-order,  self-adjoint  dynamic 
equation  {p{t)x^)^  +  q{t)x  =  0  on  a  time  scale.  When  T  =  E,  this  reduces  to 
the  usual  self-adjoint  differential  equation,  {p{t)x'y  •+•  q{t)x  =  0. 

This  equation  contains  both  the  A  and  V  derivatives,  and  so  we  begin  in 
Section  2  by  establishing  several  results  concerning  the  interaction  of  these  two 
derivatives.  Also  included  in  this  section  is  a  theorem  which  shows  that  under 
certain  conditions,  the  generalized  exponential  functions  ep(t,  to)  and  er(t,to) 
can  be  related  to  one  another.  In  Section  3,  we  examine  three  second-order 
linear  dynamic  equations  and  demonstrate  that  they  can  be  written  in  self- 
adjoint  form.  Additionally,  we  present  solution  techniques  for  one  of  the  three 
equations.  The  first  results  which  are  directly  related  to  the  self-adjoint  equation 
are  contained  in  Section  4,  which  culminates  with  a  reduction  of  order  theorem. 
We  turn  our  attention  to  oscillation  and  disconjugacy  in  Section  5,  where  we 
establish  an  analogue  of  the  Sturm  Separation  Theorem,  and,  via  the  Polya 
and  Trench  factorizations  demonstrate  the  existence  of  recessive  and  dominant 
solutions  of  the  self-adjoint  equation.  The  final  section  of  the  chapter.  Section 
6,  discusses  Riccati  techniques  as  they  relate  to  the  self-adjoint  equation.  The 
material  in  this  chapter  has  been  previously  published  in  [92]  and  [93]. 


2  Preliminary  Results 

One  of  the  fundamental  tools  which  is  used  in  the  study  of  differential  and 
difference  equations  is  L’lIopitaPs  Rule.  A  version  of  this  crucial  theorem  for 
A-derivatives,  Theorem  1.3,  can  be  found  in  [31,  Theorem  1.119].  It  is  presented 
here  in  a  slightly  different  form.  A  similar  result.  Theorem  1.4,  was  developed  in 
[92]  for  V-derivatives. 

We  may  want  to  employ  L’Hopital’s  Rule  to  evaluate  a  limit  as  t  ^  dioo,  so 
we  make  the  following  definitions. 
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Definition  1.1.  Let  e  >  0.  If  T  is  unbounded  above,  we  define  a  left  neighborhood 
o/cx),  which  we  denote  by  L^{oo),  by 

Le(oo)  =  e  T  :  t  . 

Similarly,  if  T  is  unbounded  below,  we  define  a  right  neighborhood  o/— oo,  denoted 
i?e(-oo)  by 

Re{-oo)  =  |t  e  T  :  t  <  -^1 . 

We  next  define  right  and  left  neighborhoods  for  points  in  T. 

Definition  1.2.  Let  £  >  0.  For  any  right-dense  to  define  a  right  neighbor¬ 
hood  o/to?  denoted  i^e(to)j  by 

Reito):^  {teT:0<t-to<e}. 

Similarly,  for  any  left-dense  to  G  T  ^  define  a  left  neighborhood  of  to,  denoted 
Le(t,to),  by 

Reito)  :=  {t  G  T  :  0  <  to  “  ^  < 

Theorem  1.3  (L’Hopital’s  Rule  for  A-derivatives),  Assume  f  and  g  are 
A- differentiable  on  T,  and  let  to  G  TU  {oo}.  If  to  E  T,  assume  to  is  left-dense. 
Furthermore,  assume 

lim_  /(t)  =  liua  g{t)  =  0, 

and  suppose  there  exists  e  >  0  with 

g{t)g^{t)  <  0  for  all  t  E  Le(to). 

Then  we  have 

<ll>nsup4^  <Umeup^^, 

<-t.-  a‘'(0  "  .-.7  J(<)  “  1^,;  a(f)  "  ,^,.-  9^(1) 

Theorem  1.4  (L’Hopital’s  Rule  for  V-derivatives.).  Assume  f  and  g  are 

-differentiable  on  T  and  let  to  E  TU{~oo}.  If  to  E  T,  assume  to  is  right-dense. 
Furthermore,  assume 

lim  /(t)=  lim  o(t)  =  0, 

t  *tQ  t  *tQ 

and  suppose  there  exists  e  >  0  with 

g{t)g^{t)  >  0  for  all  t  E  Re{to)- 


Then 


lim  inf  Cm  <  lim  jnf  IM  <  Hm  gup  tM  <  lim  sup  — 


t — ►t, 


git) 


git) 


t — >ti 


g^it)' 
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Proof.  The  proofs  of  these  theorems  are  very  similar,  and  we  only  include  the 
proof  of  the  V-derivative  statement  here.  Without  loss  of  generality,  assume  g{t) 
and  g'^it)  are  both  strictly  positive  on  Re{to). 

Let  5  €  (0,£],  and  let  a  :=  mlreR,(to)  b  ■=  swpreRs(to)  To  com- 
plete  the  proof,  it  suffices  to  show 

a<  i„(  M<  sup  M<i, 

TGRsito)  g{r)  rGRsito)  9{r) 

as  we  may  then  let  J  ^  0  to  obtain  the  desired  result. 

We  must  be  careful  here,  as  either  a  or  6  could  possibly  be  infinite.  Note, 
however,  that  since  >  0  on  Rsito)^  we  have  a  <  oo.  Similarly,  6  >  —  oo.  So 

our  only  concern  is  if  a  =  —  oo  or  6  =  oo.  But,  if  a  =  —  oo,  we  have  immediately 
that 

«<  inf 

T^Rsito)  g(T) 

as  desired,  and  if  6  =  oo,  we  have  immediately  that 

sup  <  b, 

TERs(to)  9\7~) 

as  desired.  Therefore,  we  may  assume  that  both  a  and  b  are  finite.  Then 
ag^ir)  <  f'^{r)  <  bg'^ {t)  for  all  t  €  Rs {to), 
and  by  a  theorem  of  Guseinov  and  Kaymakgalan  [64,  Theorem  3.4], 

[  Vr  <  /*  /^(r)  Vr  <  f  65^ (r)  Vr  for  all  s,t  G  Rs{to),  t  <  s. 

Jt  Jt  Jt 

Integrating,  we  see  that 

ag{s)  ~  ag{t)  <  f{s)  -  f{t)  <  bg{s)  -  bg{t)  for  all  s,t  G  Rs{to),  t  <  s. 
Letting  t  ^  tj,  we  get 

ag{s)  <  f{s)  <  bg{s)  for  all  s  €  Rs{to), 


and  thus 


„<  i„t  M<  sup  ®<(,, 

s€Rs{to)  g{s)  seRsito)  9{s) 


Then,  by  the  discussion  above,  the  proof  is  complete. 


Remark  1.5.  Although  these  theorems  are  only  stated  in  terms  of  one-sided 
limits,  analogous  results  can  be  established  if  the  limit  is  taken  from  the  other 
direction.  To  apply  L’Hopital’s  rule  using  A-derivatives  and  a  right-sided  limit, 
to  must  be  right-dense  (or  —00  if  T  is  unbounded  below),  and  gg^  must  be 
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strictly  positive  on  a  right  neighborhood  of  to-  Similarly,  to  apply  L’Hopital’s 
rule  using  V-derivatives  and  a  left-sided  limit,  to  must  be  left-dense  (or  oo  if  T  is 
unbounded  above),  and  gg^  must  be  strictly  negative  on  some  left  neighborhood 
of  to. 

Recall  that  our  dynamic  equation  contains  both  A  and  V  derivatives,  and  we 
want  to  determine  how  the  two  types  of  derivatives  interact  with  one  another. 
The  interaction  of  these  derivatives  is  closely  tied  to  the  function  compositions 
a{p{t))  and  p{cr{t)).  Since  o‘{p{t))  ^  t  at  points  which  are  left-dense  and  right- 
scattered,  we  need  to  consider  these  points  separately  in  some  instances.  Simi¬ 
larly,  p{(7{t))  ^  t  ait  points  which  are  right-dense  and  left-scattered,  so  we  will 
occasionally  need  to  consider  these  points  separately  as  well.  To  simplify  the 
notation,  we  define  the  following  sets.  Let 

A  :=  {t  G  T  I  t  is  left-dense  and  right-scattered},  and  Ta  :=  T  \  A. 

Similarly,  let 

.B  :=  {t  6  T  I  t  is  right-dense  and  left-scattered},  and  Tb  :=  T  \  jB. 

Lemma  1.6.  Ifte  Ta,  then  cr{p{t))  —  t.  IfteTst  then  p{cT{t))  =  t. 

Proof.  We  will  only  prove  the  first  statement.  The  proof  of  the  second  statement 
is  similar  (see  Exercise  1.7).  If  t  €  Ta,  then  either  t  is  left-scattered,  or  t  is  both 
left-dense  and  right-dense.  If  t  is  left-scattered,  then  p{i)  is  right-scattered  and  it 
is  clear  that  cr(p(t))  —  t.lft  is  both  left-dense  and  right-dense,  then  cr{t)  =  t  and 
p(t)  —  t.  Hence  o‘{p{t))  =  cr{t)  =  t.  In  either  case  we  get  the  desired  result.  □ 

Exercise  1.7.  Prove  the  second  statement  of  Lemma  1.6. 

The  following  theorem  allows  us  to  interchange  the  A  and  V  derivatives. 

Theorem  1.8.  If  f  :T  is  A- differentiable  on  T^  and  f^  is  rd- continuous 
on  T^,  then  f  is  S/ -differentiable  on  T^,  and 

f^ip{t))  t  e  Ta 

f^(s)  t  e  A. 

If  g  ‘.T  is  V -differentiable  on  and  is  Id-continuous  on  T^,  then  g  is 

A- differentiable  onT^,  and 


gHt)  =  { 


g'^is) 


teJs 

te  B. 
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Proof.  We  will  only  prove  the  first  statement.  The  proof  of  the  second  statement 
is  similar  (see  Exercise  1.9).  First,  assume  t  €  Then  there  are  two  cases: 
Either 


(i)  t  is  left-scattered,  or 

(ii)  t  is  both  left-dense  and  right-dense. 

Case  (i):  Suppose  t  is  left-scattered  and  /  is  A-differentiable  on  T^.  Then  /  is 
continuous  at  t,  and  is  therefore  V-differentiable  at  t.  Next,  note  that  p{t)  is 
right-scattered,  and 

^{pit))  -  p{t) 
fit)  -  fjpjt)) 

t  -  p(t) 

fit)- 

Case  (ii):  Now,  suppose  t  is  both  left-dense  and  right-dense,  and  /  :  T  — >  E 
is  continuous  on  T  and  A-differentiable  at  t.  Since  t  is  right-dense  and  /  is 
A-differentiable  at  t,  we  have  that 


fiPit))  = 


lim 

s~-*t 


fit) -f is) 

t  —  s 


exists.  But  t  is  left-dense  as  well,  so  this  expression  also  defines  /^(t),  and  we 
see  that 


fit) 


lim 

s—*t 


fit) -f  is) 
t  ~  s 


fit) 

fipit))- 


So,  we  have  established  the  desired  result  in  the  case  where  t  ^Ta- 
Now  suppose  t  €  A.  Then  t  is  left-dense.  Hence  f^{t)  exists  provided 


exists. 

As  t  is  right-scattered,  we  need  only  consider  the  limit  as  s  — >  t  from  the  left. 
Then  we  apply  L’Hopital’s  rule  [31,  Theorem  1.119],  differentiating  with  respect 
to  s  to  get 


lim 

5— +t- 


fit)  -  fjs) 
t  —  s 


—  lim  • 

s—^t— 


-fjs) 

-1 


=  lim  f‘ 

S—*t  — 


^is). 


Since  we  have  assumed  that  is  rd-continuous,  this  limit  exists.  Hence  /  is 
V-differentiable,  and  /^(t)  =  /^(^))  desired.  □ 
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Exercise  1.9.  Prove  the  second  statement  of  Theorem  1.8. 

Corollary  1.10.  If  to  6  T,  and  f  :  T  R  is  rd-continuous  on  T,  then 
/to  /(T)Ar  is  V -differentiable  on  T  and 


f{p{t))  telA 
f{s)  t  e  A. 

If  to  e  T,  and  g  :  T  R  is  Id-continuous  on  T,  then  /(*  5(T)Vr  is  A- 
differentiable  on  T  and 


[/ 

Uto 


/(r)AT 


g{a{t))  t  e  Tb 

g{s)  te  B. 

The  following  corollary  was  previously  established  by  Atici  and  Guseinov  in 
their  work  [20]. 

Corollary  1.11.  If  f  :T  is  IS.- differentiable  onT^  and  if  f^  is  continuous 

on  then  f  is  V -differentiable  on  and 

/V(f)  =  /Ap(t)  /orteTK. 

If  g  :T  is  V -differentiable  on  T"  and  if  g^  is  continuous  on  T„,  then  g  is 
A -differentiable  on  and 


[/ 


p(r)VT 


g^{t)=g^^t)  for  ter. 

Exercise  1.12.  Let  a  G  T  and  calculate  the  following  derivatives: 

(i)  [/„*  o’(«)  ; 

(ii)  [/o  P(«)  Vs]  . 

Now,  there  are  a  couple  more  integral  formulas  that  will  be  useful,  the  first  of 
which  was  established  in  [31,  Theorem  1.75]. 

Lemma  1.13.  The  following  hold: 

(i)  /;(‘V(s)  As  =  MW/(t), 

/p(t)  /(®)  Vs  =  v{t)f{t), 

(Hi)  /(s)  Vs  =  iJ,{t)f‘^{t), 
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Exercise  1.14.  Prove  Lemma  1.13. 

The  next  material  deals  with  the  “generalized  exponential  functions”,  ep(t,to)j 
and  ep(t,to)>  which  were  discussed  in  Chapters  1  and  3. 

Lemma  1.15.  Let  p  :  T  — >  M.  Then  p  is  regressive  if  and  only  if  —p^  is  u- 
regressive,  and  1  +  /ji{t)p{t)  >  0  for  all  t  eT  if  and  only  if  I i'{t)p^{t)  >  0  for 
all  t  G  T.  Similarly,  if  q  :  T  R,  then  q  is  u -regressive  if  and  only  if  —q^  is 
regressive,  and  1  —  u{t)q{t)  >  0  for  allt  if  and  only  ifl  —  iJ,{t)q^{t)  >  0  for 
all  t  G  T. 

Proof  We  will  only  prove  the  first  statement.  The  proof  of  the  second  statement 
is  similar  (see  Exercise  1.16).  First,  assume  p  is  regressive.  We  then  wish  to  show 
that  —pP  is  i/-regressive,  that  is,  we  wish  to  show  that  1  -f  jy{t){p^{t))  ^  0. 

Case  1:  Fix  t  G  T^.  Then  p{t)  G  T,  and  as  p  is  regressive,  we  have  that 

1  +  ii{p{t))p{p{t))  /  0, 

so,  using  the  definition  of  jLt(t), 

1  +  [a(p(<))  -  p{t)]p{p(t))  0. 

But  t  G  Tyi,  so  a{p{t))  =  t,  and  we  get 

1  +  [i  -  pit)]pf‘it)  i=  0, 

or 

1  +  u{t)pf‘{t)  ^  0, 

as  desired. 

Case  2:  Fix  t  G  A.  Then  t  is  left-dense  and  right-scattered,  so  u{t)  —  0.  Hence 

1  -h  u{t)pP{t)  =  1  -f  Op^(t)  =  1^0. 

As  1  -(-  p{t)pP{t)  ^  0  for  any  t  G  T,  we  see  that  —p^  is  ^'-regressive. 

Conversely,  suppose  —p^  is  i^-regressive.  We  then  wish  to  show  that  p  is  re¬ 
gressive,  that  is,  we  wish  to  show  that  1  -i-p{t)p,{t)  ^  0. 

Case  1:  Fix  t  G  Tb.  Then  a{t)  G  T,  and,  as  —p^  is  ^/-regressive,  we  have  that 

1  +  ^  0, 

so,  using  the  definition  of  i/(t), 

1  +  [cr{t)  -  p{a{t))]p{p(cr{t)))  0. 

But  t  G  Tb,  so  p{a{t))  =  t,  and  we  get 


1  +  [cr{t)  -  i\p{t)  ^  0, 
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or 

1  +  0, 

as  desired. 

Case  2:  Fix  t  e  B,  Then  t  is  right-dense  and  left-scattered,  so  /jb{t)  =  0.  Hence 

1  +  =  1  +  0p{t)  =  1^0. 

As  1  +  p,{t)p{t)  ^  0  for  any  t  G  T,  we  see  that  p  is  regressive. 

To  show  1  +  p,{t)p{t)  >  0  for  all  t  G  T  if  and  only  if  1  -1-  iy{t)pf^{t)  >  0  for  all 
t  G  T,  simply  replace  0”  by  ”  >  0”  in  the  preceding  proof.  □ 

Exercise  1.16.  Prove  the  second  statement  of  Theorem  1.15. 

Theorem  1.17  (Equivalence  of  delta  and  nabla  exponential  functions). 

If  p  is  continuous  and  regressive,  then 

6p(^5^o)  “  p^)(^5  ^o)* 

If  q  is  continuous  and  u -regressive,  then 

~  ^ ^q)  —  ^©(— ^o)- 

Proof.  We  will  only  prove  the  first  statement.  The  proof  of  the  second  statement 
is  similar  (see  Exercise  1.18).  Suppose  that  p  :  T  M  is  continuous  and  regres¬ 
sive,  then  by  Lemma  1.15  we  have  that  —p^  is  i/-regressive.  Furthermore,  since  p 
is  continuous,  — is  Id-continuous.  Hence  — p^  G  T^i,.  Then  as  IZjj  is  an  Abelian 
group  under  0,^,  we  see  that  0iy(— p^)  =  ^  P'uy  and  therefore  e_^^(t,to) 

exists. 

To  complete  the  proof,  it  therefore  suffices  to  show  that  ep(t,to)  solves  the 
initial  value  problem 

=  eui-p^)y,  yito)  =  l. 

Let  y{t)  =  ep{t,to).  Then 

yito)  =  epito,to)  =  1. 

Furthermore, 

'  y'^it)  =  eJ(t,to) 

= 

=  pP(t)e^(t,to) 

=  P^(t)  [ep(^,io)  -  t'(t)ep(t,to)J  . 

Rearranging  this  equation,  we  get 

ej (t,  to)  [1  +  i'(t)p^(t)]  =  P^(t)ep(t,  to), 
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so  . 

Putting  this  back  in  terms  of  we  get 

y^{t)  =  ©^(-p^)y(<), 

and  the  proof  is  complete.  □ 

Exercise  1.18.  Prove  the  second  statement  of  Theorem  1.17. 

Example  1.19.  Let  T  =  hZ  for  h>  0,  and  let  a  eHyhe  constant,  i.e., 

«ec\{l}. 

where  C  denotes  the  set  of  complex  numbers.  Given  that 

e_a(^,0)  =  (1 

use  Theorem  1.17  to  find  ea(t,0). 

We  have  that  a  G  T^i/,  and,  as  a  is  constant,  it  is  continuous.  Therefore 
Theorem  1.17  applies,  and  we  see  that  and 

^  ^0(— a'^) (^5  ^o) 

^©(— a)  (^5  ^o) 

1 

^(— a)  (^5  ^o) 

1 

(1  -ah)^ 

-  f— 

Vl-ah^ 

Exercise  1.20.  Let 

T  =  :  n  e  N}. 

Given  that  ei(t,0)  =  2'^(\/i)!,  find  e_i(t,0). 

Example  1.21.  Suppose  p  is  a  regressive  constant  and  g  is  a  zv-regressive  con¬ 
stant.  Simplify  the  following  expressions: 

(i)  ep{t,to)eg{t,to) 

As  p  and  q  satisfy  the  appropriate  regressivity  conditions,  Theorem  1.17 
applies  and  gives 

ep(t,  (^5  ^o)  ”  ^o)^©(— qf®")  (^5  ^o) 

Cp(t,  to)^©(— O')  (^j  ^o) 

=  Cp0(_qi)(t,  to)- 
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(ii)  eJ{t,to)eq{t,to) 

Again,  we  have  that  p  and  q  satisfy  the  conditions  of  Theorem  1.17.  We 
get 


ej  {t,to)eg{t,to) 


®©„(— to) 
Giy(-p'’)ee.(-pi>)(t,  to)eg(t,  to) 
eu{-p)ee,i-p){t,to)eq{t,to) 
©i^(“P)e©„(-p)©„g(t,to) 
©<^(-p)e9e.(-p)(*.^o)- 


Exercise  1.22.  Suppose  p  is  a  regressive  constant  and  is  a  i^-regressive  con¬ 
stant.  Simplify  the  following  expressions: 

(i)  ep(t,to)ef(t,to); 

(ii)  e‘^{t,to)e^{t,to); 

(iii)  (e^(t,to))^- 


3  Second-order  Linear  Dynamic  Equations 

Now,  recall  that  we  are  interested  in  the  second-order  self-adjoint  dynamic  equa¬ 
tion 

Lx  ^  0  where  Lx{t)  —  {p(t)x^{t))^  -\-q{t)x(t).  (1.1) 

Here  we  assume  that  p  :  T  — ^  M  is  continuous,  g  :  T  — >  R  is  Id-continuous  and 
that 

p{t)  >  0  for  all  t  G  T. 

Define  the  set  P  to  be  the  set  of  all  functions  x  :  T  — ^  R  such  that  R 

is  continuous  and  such  that  [p(t)x^]^  :  TJ^  — >■  R  is  Id-continuous.  A  function 
X  G  P  is  said  to  be  a  solution  of  Lx  =  0  on  T  provided  Lx{t)  —  0  for  all  t  G  TJJ. 
Now,  consider  the  second  order  linear  dynamic  equations 

Mix  =  0  where  Mix  =  x^^  +pi(t)x^  +P2(^)a:,  (1.2) 

M2X  =  0  where  M2X  =  x^^  +  ai(t)x^  +  a2{t)x^  (1*3) 

and 

M3X  =  0  where  M3X  =  x^'^  -f  ri(t)x'^  +  r2(t)x^,  (1.4) 

where  Pi^ai^r-i  :  T  — ^  R  are  Id-continuous  for  i  G  {1,2}.  Take  Pm  to  be  the  set 

of  all  functions  x  ;  T  —>  R  such  that  x  is  A  -differentiable  on  T^,  x^  :  T'^  R 

is  V  -differentiable  on  ,  and  x^^  :  TJJ  — +  R  is  Id-continuous.  For  i  =  1,2,3, 
we  say  x  is  a  solution  of  M^x  =  0  on  T  provided  x  is  in  Pm?  and  MjX  =  0  for  all 
tGT-. 
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Theorem  1.23.  Ifp2  is  Id-continuous  andpi  e  then  the  dynamic  equation 
(1.2)  can  be  written  in  self-adjoint  form,  with 

p{t)  =  ep^{t,to)  and  q{t)  =  ep^{t,to)p2{t). 

Furthermore,  in  this  case,  if  x  is  a  solution  of  (1.2)  on  T,  then  x  is  also  a 
solution  of  the  self-adjoint  form  of  the  equation. 

Proof.  Suppose  we  have 


x^'^  -{-pi{t)x^  -\-p2{t)x  =  0. 

Assume  p2  is  Id-continuous  and  pi  6  Then  epj^{t,to)  is  well  defined  and 
positive.  Multiplying  through  by  ep^{t,to),  we  get 

ep^{t,to)x^^  ep^{t,to)pi{t)x^  ep^{t,to)p2{t)x  =  0. 

Then,  since  ep^{t,to)  solves  the  IVP 

y'^  =  p\{t)y,  yito)  =  i, 


we  have  that 

[epAt>to)]^  =Pi{t)ep,{t,to). 

So  our  equation  becomes 

epi {t,to)x^^  +  [ep^{t,to)]^ x^  -h  ep,{t,tQ)p2(t)x  =  0. 

Furthermore,  x^  is  V-differentiable,  hence  continuous,  so  by  Corollary  1.11, 
x'^  —  x^P  and  we  get 


ep^{t,to)x^'^  -4-  [ep^{t,to)]^  x^^  ep^  it,to)p2{t)x  =  0. 

Then  by  the  product  rule,  we  see  that 

[ep,  (t,  +  epi  {t,  to)p2it)x  =  0. 

This  equation  is  in  self-adjoint  form  with  p{t)  and  q{t)  as  desired. 

Now  suppose  a:  is  a  solution  of  (1.2),  p2  is  Id-continuous  and  pi  e  'R'^.  Based 
on  the  above  development,  it  is  clear  that  x  satisfies  the  dynamic  equation 

[ep^{t,to)x^]'^  ep^{t,to)p2{t)x  =  0. 

Hence  to  show  x  is  a  solution  of  this  dynamic  equation,  we  need  only  show  that 
a:  €  D.  Note  that  x^  is  V  -differentiable,  and  therefore  continuous.  Also, 

[ep^{t,tQ)x^]^  =  ep^{t,to)xP  -h  ep^{t,to)x^'^  =  Pi{t)ep^{t,to)x^  +  ep^{t,to)x^^ , 


which  is  Id-continuous,  and  therefore,  a;  6  D. 


n 
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Corollary  1.24.  Ifa2  is  Id-continuous  and  —ai  €  ,  then  the  dynamic  equa¬ 

tion  (1.3)  can  be  written  in  self-adjoint  form,  with 


p(t) 


e  •a_(t,to) 


and  q{t)  = 


a2{t) 


1 ai{t)i/{t) 


Furthermore,  if  x  is  a  solution  of  (1.3)^  then  x  is  also  a  solution  of  the  self- 
adjoint  form  of  the  equation. 


Proof.  Suppose  we  have 


x^'^  -h  ai{t)x^  4-  a2{t)x  —  0. 

Recall  that  if  /  :  T  R  is  V-differentiable,  then  f{t)  =  f^{t)  -h  i'{t)f^{t).  Thus 
=  x^P  4-  u{t)x^^ ,  Making  this  substitution,  we  have 

x^^  4-  ai{t){x^^  +  4-  a2{t)x  =  0, 

and  hence 

(1  4-  ai{t)iy{t))x^"^  4-  ai  {t)x^^  4-  a2{t)x  =  0. 

Now  ~ai{t)  E  'Rf;,  so  the  leading  coefficient  is  positive  and  we  may  divide 
through  by  it.  Furthermore,  as  before,  we  have  that  x^  is  continuous,  so  x^  = 
x^^.  Thus,  we  get 

AV  ,  °l(^)  J.V  ,  ^  Q 

(1 +  ai(t)i/(t))  (1 +  0i(t)i/(t)) 

This  is  in  the  form  (1.2).  As  ai  and  02  are  ld~continuous,  so  are  and 

Farther, 


f.  _  aift)  \  ^  I  +  ai{t)iy{t)  -  ai{t)u{t)  1 

\  ^  l-\-ai  {t)i/{t)  J  1  +  ai  {t)iy{t)  1  +  ai  it)i/{t) 

so  the  coefficient  of  the  term  is  in  IZ'^.  Hence  by  Theorem  1.23  above,  the 
equation  can  be  written  in  self-adjoint  form,  with  p{t)  and  q{t)  in  the  desired 
form,  and  solutions  of  equation  (1.3)  are  also  solutions  of  the  self-adjoint  form 
of  the  equation.  □ 

Corollary  1.25.  Ifr2  is  Id-continuous  and  (ri  —  1/7*2)  ^  'R't >  dynamic 

equation  (1.4)  can  be  written  in  self-adjoint  form,  with 

p{t)  =  e(^,^^r2)(i,io)  CLUd  q{t)  =  7*2(t)e(^i-i.r2)(^5^o). 

Furthermore,  if  x  is  a  solution  of  (1.4),  then  x  is  also  a  solution  of  the  self- 
adjoint  form  of  the  equation. 
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Proof.  Suppose  we  have 


-f  ri{t)x^  +  r2{t)x^  =  0. 


Then 

+  ri{t)x^  H-  r2{t){x  -  i/{t)x^)  =  0, 
or 

+  {ri{t)  “  i'{t)r2{t))x^  +  r2{t)x  =  0. 

This  is  in  the  form  (1.2),  and  the  coefficients  meet  the  requirements  of  Theorem 
1.23.  Thus  the  result  follows.  □ 

Example  1.26.  Write  the  following  dynamic  equations  in  self-adjoint  form: 

(i)  —  bx^  H-  6x  =  0 

This  dynamic  equation  is  in  the  form  of  Mix.  To  find  pi  and  p2^  we  need 
to  divide  through  by  the  leading  coefficient.  This  gives  us  pi{t)  =  —f  and 
P2{t)  =  2.  Both  pi  and  p2  are  continuous  and  pi  6  We  then  apply 
Theorem  1.23  to  get  the  self-adjoint  dynamic  equation 

+2e(_|)(t,to)^  =  0. 

(ii)  4x^^  +  +  3x  =  0 

This  dynamic  equation  is  in  the  form  of  M2X.  To  find  ai  and  02,  we  need 
to  divide  through  by  the  leading  coefficient.  This  gives  us  ai(t)  =  and 
02  (t)  =  |.  Both  ai  and  02  are  continuous,  and  — oi  G  We  then  apply 
Corollary  1.24  to  get  the  self-adjoint  dynamic  equation 

to)x^]  ^  +  (4^)  (<>  to)x  =  0. 

Exercise  1.27.  Write  the  following  dynamic  equations  in  self-adjoint  form: 

(i)  x^'^  —  2x^  +  a;  =  0; 

(ii)  a:^^  +  4a;  =  0; 

(iii)  3a;^^  -j-  4a;^  —  2x  =  0; 

(iv)  bx^"^  -  +  2x^  =  0, 

We  now  seek  to  develop  techniques  for  solving  second-order  linear  dynamic 
equations  of  the  form 

x^^  +  ax^  +  px^  =  0, 

where  a  and  P  are  real  constants.  As  one  would  expect,  we  will  use  a  charac¬ 
teristic  equation,  and  look  for  exponential  solutions.  In  order  for  the  roots  of 
our  characteristic  equation  to  be  regressive,  we  impose  the  regressivity  condition 
1  ~  aiy{t)  -1-  Piy^{t)  ^  0. 
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Theorem  1.28.  Let  a^/J  eR  with  1  -  au{t)  +  I3i^^{t)  ^  0;  and  let 

Mx  :=  +  ax"^  H-  px^. 

Furthermore,  suppose  the  characteristic  equation 

4"  OiA  4“  /3  —  0 


has  distinct  real  roots,  Ai  and  X2.  Then  a  general  solution  of  Mx  =  0  is  given 
by 

x{t)  ^  ciex^  {t,  to)  4-  C2ex^  (t,  to)- 

Proof,  We  first  show  that  Ai  and  A2  are  regressive.  By  Lemma  1.15,  it  suffices 
to  show  that  —Ai  and  —  A2  are  z^-regressive.  So,  consider 

(1  —  (— Ai)z/(t))(l  —  (— A2)z^(t)  =  (1  4- Aiz^(t))(l  +  A2i^(t)) 

=  1  4-  (Ai  4-  A2)z^(t)  4~  (AiA2)^'^(t) 

=  1  —  ai/{t)  4-  P^'^it) 

^  0. 

Thus  Ai  and  A2  are  regressive,  thus  the  exponential  functions  eAi(t,  to)  and 
6^2  (t,  to)  are  well  defined  and  in  the  domain  of  our  operator  M. 

Now,  as  Ai  7^  A2,  we  have  that  (t,  to)  and  ex^  (t,  to)  are  linearly  independent. 
Thus  by  Theorem  1.39,  which  will  be  stated  in  the  next  section,  it  suffices  to 
show  that  eAi(t,to)  and  ex2{tpo)  are  both  solutions  of  Mx  —  0.  We  will  only 
show  that  eAi(t,to)  is  a  solution,  as  the  other  part  of  the  proof  is  similar.  Let 
y{t)  :=  eAi(t,to).  Then  Theorem  1.17  and  Corollary  1.11  apply,  and  we  see  that 

y^{t)  =  Xiex,{t,to),  and  y"^{t)  =  i 

We  now  substitute  into  our  dynamic  equation  and  get 


Similarly  e^aC^j^o)  is  a  solution  of  Mx  =  0.  Hence  x{t)  —  CieAi(i,^o)+ 026^2(^5^0) 
is  our  general  solution,  as  desired.  □ 
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Example  1.29.  Solve  the  following  dynamic  equations: 

(i)  -h  l^xP  =  0 

This  dynamic  equation  is  in  the  form  Mx  =  0,  where 

Mx  :=  x^'^  -f  ax"^  -f  I3x^. 

In  this  case,  we  have  a  =  —  8  and  /?  =  15  and 

1  —  au{t)  +  —  1  -f  8z/(t)  +  15z/^(i)  >  0. 

Thus  by  Theorem  1.28  we  need  to  find  the  roots  of  the  “characteristic 
equation” 

-  8A  -h  15  =  0. 

This  factors  nicely,  and  we  get 

(A-3)(A-5)  =  0, 

so  our  roots  are  Ai  =  3  and  A2  —  5.  Applying  the  theorem,  we  see  that  our 
general  solution  is 

x{t)  =  cie3(t,to)  H-C2e5(t,to)- 

(ii)  x^^  —  5x^  -f  6x^  =  0 

This  time  we  have  a  =  ~5  and  =  6,  and 

1  —  =  1  +  5z/(t)  -h  61/^ (t)  >  0. 

So  our  “characteristic  equation”  is 

A^  -5A  +  6  =  0, 

which  factors  into 

(A-2)(A~3)  =  0, 

so  our  roots  are  Ai  =  2  and  A2  =  3.  Applying  the  theorem,  we  see  that  our 
general  solution  is 

x{t)  =  cie2(t,to) +  C2e3(t,to). 

Exercise  1.30.  Solve  the  following  dynamic  equations; 

(i)  -  12x^  -h  llx^  =  0; 

(ii)  x^^  ~  6x^  -{-  8x^  =  0; 

(iii)  x^^  —  7x^  -f  12x^  =  0. 
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4  Abel’s  Formula  and  Reduction  of  Order 

We  begin  this  section  by  looking  at  the  Lagrange  Identity  for  the  dynamic  equa¬ 
tion  (1.1).  We  establish  several  corollaries  and  related  results,  including  Abel’s 
Formula  and  its  converse.  We  conclude  the  section  with  a  reduction  of  order  the¬ 
orem.  Some  of  the  results  in  this  section  are  due  to  Atici  and  Guseinov.  Specif¬ 
ically,  Theorems  1.31  and  1.39,  and  Corollaries  1.35  and  1.38  were  previously 
established  in  their  work  [20]. 

Theorem  1.31.  If  to  €  T,  and  xq  and  xi  are  given  constants^  then  the  initial 
value  problem 

Lx  =  0,  x{to)  =  xo,  x^{to)  =  xi 
has  a  unique  solutionj  and  this  solution  exists  on  all  o/T. 

Definition  1.32,  If  x^y  are  A-differentiable  on  then  the  Wronskian  of  x 
and  y,  denoted  W{x,y){t)  is  defined  by 

x{t)  y{t) 

W{x,y){t)=  fortGT^ 

y^it) 

Definition  1,33.  If  x,y  are  A-differentiable  on  then  the  Lagrange  bracket 
of  X  and  y  is  defined  by 

{x\y}{t)  ==p{t)W{x,y){t)  for  t  G  T'". 

Theorem  1.34  (Lagrange  Identity).  Ifx^ye  D,  then 

x{t)Ly{t)  -  y{t)Lx{t)  =  {x;  y}^(t)  for  t  G  T;J. 

Proof  Let  x,  y  G  D.  We  have 

{a:;?/}^  =  \pW(x,yy[^ 

=  [xpy^  - 

=  +  x\py^^  -  -  y\px^]'^ 

=  x^pf’y'^  +  x\py^^  -  y^p^x^  -  y\px^\^ 

=  -  y\px^^ 

=  x{\py^]'^  +  qy)  -  y{\px^]'^  +  qx) 

=  xLy  —  yLx^ 

where  we  have  made  use  of  the  fact  that  x^  and  y^  are  continuous  and  applied 
Corollary  1.11.  □ 

Corollary  1.35  (Abel’s  Formula).  //x,y  are  solutions  of  (1.1),  then 
W{x,y){t)  =  ^  forteT’^, 


where  C  is  a  constant. 
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Proof.  If  x,y  are  solutions  of  (1.1),  they  belong  to  D.  Then,  by  Theorem  1.34, 
we  have 

x{t)Ly{t)  -  y{t)Lx{t)  —  {x]y}^{t)  for  t  £  T'^. 

But  Lx  =  Ly  =  0,  so 

0  =  {a:;y}^(t)  for  t  6  T'". 

Integrating,  we  see  that 

{x-y}  =p{t)W{x,y){t)  =  C, 

which  gives  the  desired  result.  □ 

Definition  1.36.  Define  the  inner  product  of  x  and  y  on  [a,  b]  by 

{x,y)  :=  f  x{t)y{t)\/t. 

J  a 

Corollary  1.37  (Green’s  Formula).  Ifx,y  6  O,  then 
{x,Ly)  -  {Lx,y)  =  [p{t)W{x,y)]^^. 

Proof  Integrating  the  expression  in  Theorem  1.34  gives  the  result  immediately. 

□ 


Corollary  1.38.  Ifx^y  are  solutions  of  (1.1),  then  either 

(i)  W{x^y)  ^  0  for  t  G  or 

(ii)  W(x,y)  =  0  for  t  . 

Case  (i)  occurs  if  and  only  if  x  and  y  are  linearly  independent  on  T,  and  case 
(ii)  occurs  if  and  only  if  x  and  y  are  linearly  dependent  on  T. 

In  the  standard  way,  one  uses  the  uniqueness  theorem  to  prove  the  following 
result. 

Theorem  1.39.  If  xi  and  X2  are  linearly  independent  solutions  of  (1.1)  on  T, 
then  a  general  solution  of  (1.1)  is  given  by 

x{t)  =  cia;i(t)  +  C2X2{t). 


So,  we  see  that,  as  we  would  expect  with  a  second-order  dynamic  equation,  we 
need  only  find  two  linearly  independent  solutions  in  order  to  construct  a  general 
solution.  We  now  turn  our  attention  to  some  results  that  will  assist  us  in  actually 
finding  these  solutions. 

Theorem  1.40  (Converse  of  Abel’s  Formula).  Assume  u  is  a  solution  of 
(1.1)  with  u{t)  ^  0  for  t  £T.  Ifv£.3  satisfies 


then  V  is  also  a  solution  of  (1.1). 
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Proof.  Suppose  that  u  is  a  solution  of  (1.1)  with  u{t)  ^  0  for  any  and  assume 
that  V  eB  satisfies  W{u,v){t)  =  Then  by  Theorem  1.34,  we  have 

u{t)Lv{t)  -  v{t)Lu{t)  =  {u]v}^{t), 


u{t)Lv{t)  =  [p{t)W{u,v){t)]'^ 

= 

= 

=  0. 


As  u{t)  ^  0  for  any  t,  we  can  divide  through  by  it  to  get 

Lv{i)  =  0  for  t  e  TJ!. 

Hence  i;  is  a  solution  of  (1.1)  on  T.  □ 

Theorem  1.41  (Reduction  of  Order).  Lei  to  G  T'^,  and  assurr}>e  u  is  a  so¬ 
lution  of  (1.1)  with  u{t)  7^  0  for  any  t.  Then  a  second,  linearly  independent 
solution,  V,  of  (1.1)  is  given  by 

vit)  -  ■“(*)  p[s)u{s)u‘’{s)^^ 

for  t  G  T. 
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Here  we  have  C  =  1.  It  remains  to  show  that  z;  G  P.  We  have  that 


+ 


1 

Jto  p{s)u{s)u<'{s)  p{t)u{t)u<’{t) 

1  1 
^  Jta  p{s)u{s)u‘^{s)  p{t)u{t) 

Since  u  €  D,  'u(t)  0  and  p  is  continuous,  we  have  that  is  continuous.  Next, 

consider 


[p(t)u^(t)]^  = 


.V  .  ^  W 


/to  ?(«)«(«)«“"(«) 

+p>’{t)u^P{t)  [  ■■■■■:■  Ir . -7-tAs 

[ito  P{s)u{s)u<'{s)  J 


Now,  the  first  and  last  terms  are  Id-continuous.  It  is  not  as  clear  that  the  center 
term  is  Id-continuous.  Specifically,  we  are  concerned  about  whether  or  not  the 
expression 

'  t  —^—AsV 

Jto  p{s)u{s)u’^{s)  ® 

is  Id-continuous.  Note  that  the  integrand  is  rd-continuous.  Hence  Theorem  1.10 
applies  and  yields 


[  1  1 

V 

/  /  X  /  xAr 

=  < 

L/to  p{r)u{T)u^{r)  _ 

pP{t)uf^{t)u^P{t)  ^  ^ 

lims-^t-  p(s)'u(s)u-(s)  ^  ^ 

First,  suppose  t  G  T^.  Then  (7(p(t))  —  t,  so  our  expression  simplifies  to 

1  1 


'  ^ 

Jto  p{r)u{r)u^ 


p{t)u{t)u^  (r) 


Ar 


pp{t)uP{t)u^p{t)  pP{t)uP{t)u{t)' 


Next,  suppose  that  t  G  A.  Then  t  is  left-dense,  and  therefore. 


lim  crfs)  =  t. 

s-^t-  ^  ^ 


Then  as  p  and  u  are  continuous,  we  have 
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Now  for  t  e  A,  t  is  left-dense,  so,  if  we  like,  we  may  write  this  expression  as 


p{s)u{s)u^ (s)  p{t)u^{t)  pP{t)uP{t)u{t)  * 

This  is  the  same  expression  we  got  for  t  G  T^,  so  we  have  that 

\r _ ^ _ Ar 

iL  P(r)«(r)«-(r)  . 

This  function  is  Id-continuous,  and  so  we  have  that  v  gB.  Hence  by  Theorem 
1.40,  V  is  also  a  solution  of  (1.1).  Finally,  note  that  as  W{u^v){t)  =  ^  ^  0  for 
any  t,  u  and  v  are  linearly  independent.  □ 

The  following  example  and  exercise  illustrate  the  use  of  the  reduction  of  or¬ 
der  theorem.  The  reader  should  be  aware,  however,  that  they  rely  heavily  on 
properties  of  the  generalized  exponential  functions  which  are  not  discussed  here. 
If  additional  background  on  the  generalized  exponential  functions  is  desired,  we 
refer  the  reader  to  Chapters  1  and  3. 

Example  1.42.  Given  that  ei(t,io)  solves  the  dynamic  equation 

+  2xP  =  0, 

use  Reduction  of  Order  to  find  a  second  linearly  independent  solution. 

To  use  Theorem  1.41,  we  must  first  put  our  dynamic  equation  in  self-adjoint 
form.  We  get 

[e(_3_2y)  {t,  to>^]  +  2e(_3_2;.)  {t,  to)x  =  0. 

Sop(^)  =  e(_3_2iy)(t,to)-  Let  u{t)  =  ei(t,to)*  Then  by  Theorem  1.41,  our  second, 
linearly  independent  solution,  v  is  given  by 

v(t)  =  uit)  /  ■  ■■■——- — —As 

^  '  Jto  p{s)u{s)u<^{s) 

rt  2 

=  ei(t,to)  /  T - 7 - ^ — 7 - r“:r7 - rAs. 

Jt^  e(_3_2*.) (s,  to)ei (s,  to)ef  (s,  to) 

We  now  wish  to  simplify  the  denominator  of  the  integrand.  Note  that 
-1  0^  _2  =  -1  +  (-2)  -  z^(t)(-l)(-2)  =  -3  -  2i/(t), 


1 


pP{t)uP[t)u{t) 


for  t  gT. 


and  thus 

^(-3-2i/)(^j^o)  =  e_l(t,to)e-2(t,  to)' 

Applying  Theorem  1.17  to  each  term  of  this  product  separately,  we  see  that 


e_i(t,  to)  —  eei(t,  to)  and  e_2(t,  to)  =  e©2(t,  to). 
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We  will  also  move  these  terms  to  the  numerator,  to  get 


v{t) 


ei{t,to)  / 

•/to 

Jto 

ei(t,to)  /  e^Qi(s,fo)  As 
Jto 


ei{s,to)e2{s,to) 

ei{s,to)e^{s,to) 

e2{s,to) 


As 


=  ei(t,  to)  [e2©i(t,to)  “  £201(^05^0)] 
=  ei(t,  to)e2©i(^,^o)  ”  ei(t,to) 

=  610201  (tj  to)  “  Cl  (t,  to) 

=  e2(t,  to)  ~  ei(t,to). 


Exercise  1,43.  For  each  of  the  following,  given  that  u{t)  solves  the  given  dy¬ 
namic  equation,  use  reduction  of  order  to  find  a  second,  linearly  independent 
solution. 

(i)  u(t)  =  ei(t,  to);  4- =  0; 

(ii)  u{t)  —  e2(t,to);  -  8x^  +  12x^  =  0; 

(hi)  u(t)  =  e5(t,to);  x^^  —  7x^ -h  lOx^  =  0; 


5  Oscillation  and  Disconjugacy 


In  this  section,  we  establish  results  concerning  generalized  zeros  of  solutions  of 
(1.1),  and  examine  disconjugacy  and  oscillation  of  solutions. 

Definition  1.44.  We  say  that  a  solution,  x,  of  (1.1)  has  a  generalized  zero  at  t 


or,  if  t  is  left-scattered  and 

x(p(t))x(t)  <  0. 

Definition  1.45.  We  say  that  (1.1)  is  disconjugate  on  an  interval  [a,  6]  if  the 
following  hold. 


(i)  If  X  is  a  nontrivial  solution  of  (1.1)  with  x(a)  =  0,  then  x  has  no  generalized 
zeros  in  (a,  b] . 


(ii)  If  X  is  a  nontrivial  solution  of  (1.1)  with  x(a)  ^  0,  then  x  has  at  most  one 
generalized  zero  in  (a,  b]. 
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Definition  1.46.  Let  oj  —  supT,  and  if  a;  <  oo,  assume  p{uj)  =  u).  Let  a  6  T. 
We  say  that  (1.1)  is  oscillatory  on  [a,u})  if  every  nontrivial  real- valued  solution 
has  infinitely  many  generalized  zeros  in  [a,a;).  We  say  (1.1)  is  nonos dilatory  on 
if  it  is  not  oscillatory  on  [a,  a;). 

Lemma  1.47.  Let  uj  =  supT.  If  u)  <  oo,  then  assume  p{lj)  —  u.  Let  a  E  T. 
Then  if  (1.1)  is  nonos  dilatory  on  [a,a;),  there  is  some  to  eT,  to  >  a,  such  that 
(1.1)  has  a  positive  solution  on  [to,^)- 

Proof.  Assume  (1.1)  is  nonoscillatory  on  [a, a;),  and  then  there  is  a  nontrivial 
solution,  u  of  (1.1)  such  that  u  has  only  finitely  many  generalized  zeros  in  [ayu). 
Let  b  =  max{t  G  T  :  u  has  a  generalized  zero  at  t}.  Fix  to  gT  such  that  to  >  b. 
Then  either  'u  >  0  on  [to,^)  or  -u  >  0  on  [to  5^)-  D 

Our  first  oscillation  theorem  is  the  Sturm  Separation  Theorem.  Loosely  speak¬ 
ing,  this  theorem  tells  us  that  (generalized)  zeros  of  linearly  independent  solu¬ 
tions  of  (1.1)  separate  one  another.  Thus  we  see  that  either  all  solutions  of  Lx  =  0 
will  be  oscillatory  or  they  will  all  be  nonoscillatory. 

Theorem  1.48  (Sturm  Separation  Theorem).  Let  u  and  v  be  linearly  in¬ 
dependent  solutions  of  (1.1)  on  T.  Then  u  and  v  have  no  common  zeros  in  T^. 
If  u  has  a  zero  at  ti  E  T,  and  a  generalized  zero  at  t2  >  ti  E  T,  then  v  has  a 
generalized  zero  in  (ti,t2].  If  u  has  generalized  zeros  at  ti  E  T  and  t2  >  ti  E  T, 
then  v  has  a  generalized  zero  in  [ti,t2]. 

Proof.  If  u  and  v  have  a  common  zero  at  to  E  T^,  then 


W{u,v){to) 


u{to)  v{to) 
n^to)  vHto) 


=  0. 


Hence  u  and  v  are  linearly  dependent. 

Now  suppose  u  has  a  zero  at  ti  E  T,  and  a  generalized  zero  at  t2  >  ti  E  T. 
Without  loss  of  generality,  we  may  assume  t2  >  <^(^i)  is  the  first  generalized  zero 
to  the  right  of  ti,  u{t)  >  0  on  (ti,t2),  and  u{t2)  <  0.  Assume  u  is  a  linearly 
independent  solution  of  (1.1)  with  no  generalized  zero  in  (ti,t2].  Without  loss  of 
generality,  v{t)  >  0  on  [ti,t2]. 

Then  on  [ti, t2], 


v{t)u^{t)  —  u{t)v^{t) 
v{t)v^{t) 


C 

p{t)v{t)v^  (t)  ’ 


which  is  of  one  sign  on  [ti,t2).  Thus  ^  is  monotone  on  [ti,t2].  Fix  ts  E  (ti,t2). 
Note  that 


u{ti) 

v{ti) 


—  0,  and 


m(^3) 

V{t3) 


>0. 
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But 


u{t2) 

v{t2) 


<0, 


which  contradicts  the  fact  that  ~  is  monotone  on  [^1,^2]-  Hence  v  must  have  a 
generalized  zero  in  (^1,^2]- 

Finally,  suppose  u  has  generalized  zeros  at  G  T  and  ^2  >  ^  T.  Assume 

t2  >  cr{ti)  is  the  first  generalized  zero  to  the  right  of  ti.  If  u{ti)  =  0,  we  are  in  the 
previous  case,  so  assume  u{ti)  ^  0.  Then,  as  u  has  a  generalized  zero  at  ti,  we 
have  that  ti  is  left-scattered.  Without  loss  of  generality,  we  may  assume  u{t)  >  0 
on  [ti,t2),  u{p{ti))  <  0  and  ^(^2)  <  0.  Assume  is  a  linearly  independent 
solution  of  (1.1)  with  no  generalized  zero  in  [^1,^2)-  Without  loss  of  generality, 
i;(t)  >  0  on  [^1,^2])  and  't;(p(ti))  >  0.  In  a  similar  fashion  to  the  previous  case, 
we  apply  Abel’s  Formula  to  get  that  ^  is  monotone  on  [p(ti),i2]-  But 


ujpjti)) 

v{pih)) 


v{ti) 


>0, 


and 


V{t2) 


<0, 


which  is  a  contradiction.  Hence  v  must  have  a  generalized  zero  in  [ti,t2]. 


□ 


Theorem  1.49,  If  (1.1)  has  a  positive  solution  on  an  interval  X  C  T,  then 
(1.1)  is  disconjugate  onX.  Conversely,  if  a,b  e  and  (1.1)  is  disconjugate  on 
[p(a),(T(&)]  C  T,  then  (1.1)  has  a  positive  solution  on  [p{a),a{b)]. 

Proof.  Assume  (1.1)  has  a  positive  solution,  on  X  C  T.  If  (1.1)  is  not  discon¬ 
jugate  on  X,  then  (1.1)  has  a  nontrivial  solution  v  with  at  least  two  generalized 
zeros  in  X.  Then,  without  loss  of  generality,  there  are  ti ,  ^2  in  X  such  that 


^'(^i)  <  0,v{t2)  <  0,  and  v{t)  >  0  on  (^1,^2)  with  (^1,^2)  ^  0. 
Note  that 


(H'\^  ^  u{t)v^{t)  -  v{i)u^{t) 

\uJ  u{t)u‘'{t) 

u{t)u^{t) 

C 

p{t)u{t)u^  (t) 

is  of  one  sign  on  X^.  Hence  ^  is  monotone  on  X.  But 

This  contradicts  the  fact  that  ^  is  monotone.  Hence(l.l)  is  disconjugate  on  X. 

Conversely,  suppose  that  (1.1)  is  disconjugate  on  the  compact  interval 
[p(a),(7(fe)].  Let  u,v  be  the  solutions  of  (1.1)  satisfying  u{p{a))  —  0,n^(p(a))  =  1 
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and  v(cr(fe))  =  0, =  —1.  Since  (1.1)  is  disconjugate  on  [p(a),cr(6)],  we  have 
that  u{t)  >  0  on  (p(a), cr(6)],  and  v{t)  >  0  on  [/o(a),  ct(6)).  Then 

x{t)  =  u{t)  +  v{t) 

is  the  desired  positive  solution.  □ 

Theorem  1.50  (Polya  Factorization).  If  (1.1)  has  a  positive  solution,  u,  on 
an  interval  J  C  T,  then  for  any  x  G  P,  we  get  the  Polya  Factorization 

Lx  =  ai(t){a2[Q:ia;]'^}^(t)  for  tel, 


where 


and 


ai  :=  —  >  0  on  X, 
u 

ol2  :=  puu^  >0  onX. 


Proof.  Assume  that  it  is  a  positive  solution  of  (1.1)  on  T,  and  let  rc  €  B.  Then 
by  the  Lagrange  Identity  (Theorem  1.34), 


u{t)Lx(t)  —  x{t)Lu{t) 
u{t)Lx{t) 

Lx{t) 


1 

u(<) 

1 

u{t) 

1 

u{t) 


{u;x}'^{t) 


{pW{u,x)}^{t) 


it) 


for  t  eX,  where  ai  and  0.2  are  as  described  in  the  theorem. 


□ 


Example  1.51.  Find  two  Polya  factorization  for  the  following  dynamic  equa¬ 
tion. 

a:AV  _  ^  Q 

The  characteristic  equation  is 


-  7A  -h  10  =  0, 

which  has  roots  Ai  =  2  and  A2  =  5.  Thus  e2(t,to)  and  es{t,to)  are  positive 
solutions  of  this  dynamic  equation.  For  the  first  Polya  factorization,  let  u{t)  = 
€2(1,  to).  Then 

^  ^  V  =  ee2(t,to),  and  a2{t)  =  e(^-7-iOu{t)){'tyto)^2{t,to)e^{t,to). 
62 [tytoj 
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We  can  use  properties  of  exponential  functions  to  simplify  0:2  (^)-  We  get 

=  e^{t,to)ee5{t,to), 

and  we  see  that 

Lx  =  eQ2{t,to){e^it,to)eQ5{t,to)[ee2{t,to)x\^}'^ . 

For  the  second  Polya  factorization,  we  will  let  u{t)  =  e5(t,to)-  Then 
1 


ai(t)  = 


—  ^©5(^i^o))  2llld  <X2{t^  —  6(— 7— 10i^(t))(^)  ^o)®5  (^j  ^o)* 


esit,  to) 

Again,  we  use  properties  of  exponential  functions  to  simplify  a2{t)^  giving 

a2{t)  =  el{t,to)eQ2{t,to), 


and  thus 

Lx  =  eQ5{t,to){eUt,to)ee2{t,to)[ee5{t,to)x]^}'^. 

Exercise  1.52.  Find  two  Polya  factorizations  for  each  of  the  following  dynamic 
equations. 

(i)  ~  8:1;^  -f  12xP  =  0; 

(ii)  -h  =  0; 

(iii)  x^^  —  -h  2xP  —  0. 

Based  on  the  previous  example,  and  exercise,  it  is  clear  that  Polya  factoriza¬ 
tions  are  not  unique.  There  is  a  similar  factorization,  called  a  Trench  factorization 
which  is  essentially  unique.  The  difference  between  a  Polya  factorization  and  a 
Trench  factorization  is  whether  or  not  a  particular  integral  diverges. 

Theorem  1.53  (Trench  Factorization).  Let  a  e  T,  and  let  (jj  :=  supT.  If 
uj  <  00,  assume  p{u))  =  uj.  If  (1.1)  is  nonoscillatory  on  [a,  a;),  then  there  is 
to  GT  such  that  for  any  x  G  D,  we  get  the  Trench  Factorization 

Lx{t)  =  l3i{t){P2[0ix]^}^  {t) 
fort  e  [to,u;),  where  Pi, 02  >  0  ora  [fo,w),  and 

/■“  1 

i 

Proof  Since  (1.1)  is  nonoscillatory  on  [a,  a;),  (1.1)  has  a  positive  solution,  u  on 
[to,^)  for  some  to  ^  T.  Then  by  Theorem  1.50,  Lx  has  a  Polya  factorization  on 
Thus  there  are  functions  ai  and  02  such  that 

Lx{t)  =  ai(t){Q:2[aia:]^}^(t)  for  t  e  [to,^), 
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for  t  e  [^0?^)-  We  now  claim  that  the  last  two  terms  in  this  expression  cancel. 
Looking  only  at  these  last  two  terms,  put  the  expression  back  in  terms  of  our 
positive  solution  u.  We  get 


[r _ ^ ^ 

[Jt  pis)u{s)u‘’{s) 


x{t) 


nV 


Now  consider  two  cases: 

Case  1:  t  eT  A-  Then  Theorem  1.8  applies,  and  we  get 


'x{ty 

Ap 

r  ^  A"i 

+ 

> 

'x{ty 

V 

Jt  p{s)u{s)u<'{s)  _ 

At). 

pP{t)uP{t)u{t) 


+ 


xit) 


tV 


u{t) 


x{t) 


u{t) 


+ 


x(t) 


nV 


[u{t)\ 


=  0. 


Case  2:  t  6  A.  In  this  case  we  have  that  p{t)  —  t,  and  we  get 


'x{ty 

Ap 

r  ^  A"i 

U  Pis)u{s)u-{s)  "J 

p{t)u^{t)  U^{t) 

u(t)x^P{t)  —  x{t)u^P{t)  u{t)x'^{t)  —  x{t)vy{t) 


—u{t)x'^{t)  +  x{t)u^{t)  -f  u{t)x^{t)  —  x{t)u^{t) 


=  0. 


Here,  we  have  made  use  of  the  fact  that  €  D,  which  gives  us  that  x^p  =  x^ 
and  u^P  =  . 

In  either  case,  the  last  two  terms  cancel,  and  we  have  that 
{P2{t)\/3i(t)x{t)]^}^  =  {a2{t)[ai{t)x(t)]^}'^ 

It  then  follows  that 

Mt)  {P2{t)[^i{t)x{t)]^}^  =  aiit)  {a2W[ai(i)a;(t)]^}^  =  Lx{t), 
for  t  G  [to,oj)  and  the  proof  is  complete.  □ 
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Example  1.54.  Find  a  Trench  factorization  for  the  dynamic  equation 

—  Ix^  +  =  0, 

assuming  that  supT  =  oo.  From  an  earlier  exercise,  we  have  that  both 


Lx  =  ee2{t,to){e2{t,to)ee5{t,to)lee2{t,to)x]^}'^, 


and 

Lx  =  eQ5{t,to){el{t,to)eQ2{t,to)[eQ5{t,to)x]^}'^. 

are  Polya  factorizations  for  this  dynamic  equation.  Looking  at  the  first  one  we 
see  that 


f 

Jto 


62(^1  ^o)ee5(i,io) 


At 


lira  [ 
lim  [  he^G2(i-*o))Ai 
lira  i  [6502(6,^0)  -  e5Q2{to,to)] 

b—^oo  o 


e5(i,*o) 


lim 


es{b,to)  _1 
3 


b—*oo  [862(65^0) 
OO. 


Whereas,  looking  at  the  second  one,  we  get 


poo  2 

L  "  L 


1 


=  lim 

b—t'OO 


et{t,to)ee2{t,to) 
''  e2{t,to) 


At 


/ 

Jto 


e^{t,to) 


At 


=  i,!™  -5(e^e5(i.*o))Ait 


=  lim  — -T  [e2e5ibjto)  —  e2©5(ioj^o)] 

b—^00  o 


[  62(6, to)  ,  1 

lim  - - TT-TT  +  - 

b—*oo  [  865(6,^0)  3 

1 

3' 


So,  the  first  factorization  is  a  Trench  factorization,  while  the  second  one  is  not. 

Exercise  1.55.  Find  a  Trench  factorization  for  each  of  the  dynamic  equations 
in  Exercise  1.52. 
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The  existence  of  a  Trench  factorization  allows  us  to  prove  the  following  theo¬ 
rem.  Notice  that  the  divergence  of  the  integral  in  the  Trench  factorization  plays 
a  key  role  here. 

Theorem  1.56  (Recessive  and  Dominant  Solutions).  Let  a  G  T,  and  let 
(jj  ;=  supT.  If(jj<oo,  then  we  assume  p((jj)  —  u.  If  (1.1)  is  nonoscillatory  on 
[a,  a;);  then  there  is  a  solution^  u,  called  a  recessive  solution  at  u),  such  that  u  is 
positive  on  [to^uj)  for  some  to  G  T,  and  if  v  is  any  second^  linearly  independent 
solution,  called  a  dominant  solution  at  to,  the  following  hold. 

(i)  ^  =  0, 

/to  p(t)u(t)«''(t)^*  ~ 

Ib  p(t)i-(t)i^'’(t)  <  00  /or  b  <  w,  sufficiently  close,  and 

(iv)  t  <  u,  sufficiently  close. 

The  recessive  solution,  u,  is  unique,  up  to  multiplication  by  a  nonzero  constant. 

Proof.  As  (1.1)  is  nonoscillatory,  by  Theorem  1.53,  there  is  a  Trench  Factoriza¬ 
tion: 

Lx{t)  =  0iit){l32[0ix]^}'^  {t), 
where  /?i,/32  >  0  on  and 

r  1  A 

/  TTTT  =  OO. 

/to  p2{t) 

Then  if  u{t)  =  w  is  a  positive  solution  of  (1.1).  Now,  let 

Then, 

Lvo{t)  =  /0i(b){/?2[Aoo]^}^(t) 

= 

=  0. 
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So  vq  is  a  solution  of  (1.1).  Note  that 


u{t) 
liiri  — j-r 
Vo{t) 


lim 

to— 


=  0, 


/to 


W{u,vo){t)  ^  C 
u{t)u^{t)  p{t)u{t)u^{t)^ 


where  C  is  a  constant  by  Theorem  1.35.  Note  that  C  ^  0^  since  u  and  vq  are 
linearly  independent.  Integrating  both  sides  of  this  last  equation  from  to  to  t,  we 
get 


=  r _ £ _ A,. 

u{t)  Jto  p{s)u{s)u‘^{s) 


Taking  the  limit  as  t  — >■  a;,  we  get 


lim 

t—Kjij 


Vojt) 

u{t) 


f 

•/to 


c 


p{s)u{s)u^  (s) 


As, 


and  we  see  that 


i 


to  p{s)u{s)u^{s) 


As  =  00, 


as  desired. 

Now  let  V  be  any  solution  of  (1.1)  such  that  u  and  v  are  linearly  independent. 
Then 

v{t)  =  ciu{t)  H-  C2i;o(t),  where  C2  ^  0, 


and 


lim 

v[t) 


=  lim 


t->w-  Ciu{t)  +  C2Vo{t) 


=  lim 


=  0. 


^(0 

^o(t) 


r,  4-  Co 

vo(t)  ^2 


Now,  let  V  be  a  fixed  solution  of  (1.1)  such  that  u  and  v  are  linearly  independent. 
Choose  ti  €  [tojCj)  such  that  v{t)v'^{t)  >  0  on  [ti,u)).  Then  for  t  G  [ti,a;), 


W{v,u){t)  ^  Cl 
v{t)v^{t)  p{t)v{t)v^{t)  ’ 


where  Ci  ^0. 


Integrating, 


uit)  u(ti)  /■*  Cl 
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Letting  t  u—,  we  see  that 


which  implies  that 


' _ _ As, 

p(s)z;(s)f^(s) 


h  p{s)v{s)v^{s) 

Furthermore,  for  t  £ 

p{t)v^{t)  _  p{i)u^{t)  _  p{t)W{u,v){t)  _  C2 
v{t)  u{t)  u{t)v{t)  u{t)v{t)' 

It  remains  to  show  that  C2  >  0.  We  have 

1- 

hm  --H’  =  00, 
u{t)  ’ 


where  C2  ^  0. 


W{u,v){t)  C2 


\uJ  u{t)u^{t)  p{t)u{t)u^{t)^ 

which  implies  that  (^2  >  0,  as  desired. 

Finally,  we  need  to  establish  uniqueness,  up  to  multiplication  by  a  nonzero 
constant.  Let  ui  be  a  recessive  solution  of  (1.1),  and  suppose  U2  is  another 
recessive  solution.  If  ui  and  U2  were  linearly  independent,  U2  would  be  a  dominant 
solution.  Hence  Ui  and  U2  must  be  linearly  dependent,  and  we  see  that  U2  —  ku2 
for  some  nonzero  constant  k.  □ 

Example  1.57.  Find  recessive  and  dominant  solutions  for  the  dynamic  equation 

—  7x^  -h  lOx^  =  0, 

assuming  that  sup  T  =  00,  and  verify  that  the  properties  indicated  in  Theorem 
1.56  hold. 

By  previous  work,  we  know  that  62 (t,  to)  and  e5(t,  to)  are  linearly  independent 
solutions  of  this  dynamic  equation.  I  now  claim  that  u{t)  :=  e2(t,to)  is  the 
recessive  solution,  and  v{t)  e5(t,to)  is  a  dominant  solution.  To  verify  this,  we 
need  to  show  four  things: 

First,  we  must  show  that 

t^oo  v{t}  e5(t,  to) 

This  is  clear  by  inspection.  Second,  we  must  show  that 


I  to  p{t)u{t)u<^{t) 


At  =  00. 
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Simplifying  this  expression,  we  get 


1 

p{t)u{t)u^  (t) 


At 


poo 

Jto 

=  lim  r  ^ 

b--*ooJf.^  62  (t, 

=  ^(efe2(^-^o))At 


e(_7_i0i.(f))  (i,  ^0)^2  (t,  to)e^  (t,  to) 

^0) 

^o) 


At 


=  lim  -  [6502(6,^0)  -  6502(^0,  to)] 

0— >-oo  o 


=  lim 

6— +00 
=  00. 


362(6, to) 


The  third  thing  we  must  verify  is  that 

1 

Jto  Pit)v{t)v^ 

Simplifying  this  expression,  we  get 


(t) 


At  <  00. 


i 


to 


At 


rOO 

Jto  k-r-1 


Ho  e(_7_iOi/(f))  (i,  *0)65 (t,  ^0)65  {t,  to) 
'■*’  e2(t,to) 


At 


/ 

Jto 


lim  ,  ^ . 

^“^00  Ao  ^5(t)to) 

rb 


At 


=  lim  /  -he^e5(^><o))At 

=  lim  -I  [6295(6,  to)  -  6295(60,60)] 

b—^oo  o 

62(6,60)  1' 


b^oo  |_  865(6,60)  3 


=  -<oo. 


Now,  finally,  we  must  verify  that 

p{t)v^{t)  p{t)u^{t) 


v{t) 


> 


u{t) 


for  t  sufficiently  large, 


or 


g(-7-iOKt))(6,6o)e|^(t,to)  ^  e(_7-ioKt))  (6,6o)e^(t,to)  ^  guffieiently  large. 

65(t,to)  ^2(t, to) 
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Looking  at  the  first  expression,  we  get 


g(-7-10t/(t))  ^o) 

esit,  to) 


eQ2{t,  to)eQ5{t,  to)5e5{t,  tp) 
e5{t,to) 

5 


&2it-,to)eo{t,to) 


The  second  expression  gives 

^(— 7— lOt'(f))  (^>  ^o)^2  ^o) 

e2(*,^o) 


ge2(^>  ^o)ee5(^.  ^o)2e2ft>  ^o) 
e2(^,^o) 

2 


e2(^,^o)e5(^,^o)’ 


As  both  of  the  exponential  functions  e2(t,to)  £^nd  e5(t,  to)  are  positive,  we  see 
that 

5  2 

e2(it,to)e5(t,to)  e2(t,to)e5(t,io) 

holds  for  all  t  G  T.  Thus  u{t)  =  e2(t,to)  is  the  recessive  solution,  and  v{t)  = 
e5(t,to)  is  a  dominant  solution  as  we  claimed. 

Exercise  1.58.  For  each  of  the  dynamic  equations  in  Exercise  1.52,  find  recessive 
and  dominant  solutions  and  verify  that  the  properties  indicated  in  Theorem  1.56 
hold. 


6  The  Riccati  Equation 

Usually,  linear  dynamic  equations  are  considerably  easier  to  solve  than  nonlinear 
ones.  In  this  section,  we  are  going  to  discuss  the  relationship  between  a  particular 
nonlinear  equation,  called  the  Riccati  equation,  and  our  self-adjoint  equation.  We 
will  see  that  there  is  a  correspondence  between  solutions  of  these  two  equations. 
The  Riccati  equation  is  defined  by 

Rz  =  0,  where  Rz{t)  :=  z'^ {t)  +  q{t)  +  (1-5) 

for  t  G  TJJ.  Here  we  assume  that  p  :  T  — >  IR  is  continuous,  g  ;  T  —>  R  is  Id- 
continuous  and  that 

p{t)  >  0  for  all  t  G  T. 

Define  the  set  Br  to  be  the  set  of  all  functions  2; :  — >  R  such  that 

is  Id-continuous  and  such  that  pP{t)  -f-  u{t)zP{t)  >  0  for  any  t  G  T^.  A  function 
z  G  is  said  to  be  a  solution  of  R2:  =  0  on  provided  Rz{t)  —  0  for  all 
tGT-. 

Then  we  have  the  following  theorem: 
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Theorem  1.59.  Assume  x  G  O  has  no  generalized  zeros  in  T,  and  z  is  defined 
by  the  Riccati  substitution 


x{t)  ’ 


(1.6) 


for  t  G  T'^.  Then  z  G  O/j,  and 


Lx{t)  =  x(t)Rz{t) 


forte  t;j. 

Proof.  We  first  wish  to  show  that  2;  G  'Br.  We  have  by  the  quotient  rule 


Z^it)  = 


x{t) 


c(t)\p{t)x^{t)]'^  -p{t)x^{t)x^{t) 
x{t)xP{t)  ’ 


which  is  Id-continuous  on  since  x  G  P.  Next,  note  that 

p^{t)  +  u{t)z^{t)  =  + 

pP{t){xP{t)  +  l'{t)x'^{t)) 


xp{t) 


xp{t) 

>0 


for  all  t  G  TJJ,  since  x  has  no  generalized  zeros  in  T.  It  remains  to  show  that 
x{t)Rz{t)  =  Lx{t)  for  t  G  T^.  Suppressing  the  arguments,  we  get 


xRz  =  X 


—  X 


z^+q+ 


P'12  1 


pp  +  i,zP\ 


x{px^y  —px^x 


A^v 


xxf^ 


+  ^  + 


{pPf{x^P) 


21 


,  *  px‘^x'^  , 

(px) - \-qx-\-  , 

xf^  xP  xP{xP  +  vx^) 


pP[xP  +  vx^P)  {xpy 
xpP{x^y‘ 


px^x^  ^  ^  ^  xpp{x^y' 


XP 


XPx 


(  A\V  {px^^  v:^  px^x^  pP(p^^^ 

{px^y  ^qxP  ^ 4 - -— —  +  

xP  XP  XP 

(jpx^y^ vx^  —px^x^  ~\- pP {x^ )[x^P) 


=  Lx-\- 


=  Lx -\- 


XP 


X^  {pPx^P  -(-  lf{px^)^)  ~  px^x^ 
XP 
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=  Lx  -f 
=  Lx. 


-  px^x^ 


Again,  we  have  made  use  of  the  fact  that  x  G  P  and  applied  Theorem  1.8.  □ 

Theorem  1.60.  The  self-adjoint  equation  (1.1)  has  a  positive  solution  on  T  if 
and  only  if  the  Riccati  equation  (1.5)  has  a  solution  z  onT^. 

Proof.  First,  assume  that  x  is  a  positive  solution  of  (1.1),  and  let  2:  be  defined  by 
the  Riccati  substitution  (T6).  Then  by  Theorem  1.59,  z  G  and  Lx  =  xRz. 
Since  x  is  a  solution  of  Lx  =  0  and  has  no  generalized  zeros,  it  follows  that 
Rz  =  0,  as  desired. 

Conversely,  assume  that  z  is  a  solution  of  the  Riccati  equation,  (1.5)  on  T'^. 
Then  z  G  Pr,  so  pP{i)  -h  iy{t)zP{t)  >  0  for  all  t  G  T^,  and  z  is  continuous  on  T^. 

This  gives  us  that  “  ^  and  thus,  by  Lemma  1.15,  |  G  Now,  let 

to  G  T,  and  let  x  be  the  solution  of  the  initial  value  problem 

^(*0)  =  1- 

Note  that  although  -  is  only  defined  on  T^,  x  is  defined  on  T.  Furthermore,  as 
x(t)  =  Sj.  (t,  to)>  ^  is  continuous  and  positive  on  T.  Next,  consider 

=  z^(t)x^(t)  +  z(t)x’^(t) 

=  z^{t)x^{t)  +  z{t)x^P{t), 


which  is  Id-continuous  on  TJ!.  Hence  x  G  P.  Moreover,  we  see  that 


^  p{t)x^{t) 
x{t) 


so  by  Theorem  1.59  Lx  =  xRz  —  0.  Hence  x  is  the  desired  positive  solution  of 

(1.1).  □ 


The  preceding  theorem  allows  us  to  find  solutions  of  the  Riccati  equation  by 
solving  the  corresponding  self-adjoint  equation. 

Example  1.61.  Solve  the  Riccati  equation 


z^  +  12e(_7_i2^)(L  ^0)  + 


=  0. 


The  associated  self-adjoint  equation  is 

[e(_7_i2iy)  (t,  to)^^]  H-  12e(_7_i2iy)  (t,  to)x  =  0. 
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Rewriting  this  as  a  second-order  linear  equation,  we  get 

—  7x^  +  123;^  =  0. 

The  characteristic  equation,  then,  is 

-  7A  -f  12  =  0, 

which  has  roots  Ai  =  3  and  A2  =  4.  Thus  63(1,  to)  and  e4(t,  to)  are  positive 
solutions  of  this  dynamic  equation.  So,  let  x{t)  =  63(^5  to),  and  let 

■=  -1^  = - 7^) - -  3e(-7-i2.)(t,to). 

By  Theorem  1.60,  >2:  is  a  solution  of  our  Riccati  equation.  We  will  verify  this  by  di¬ 
rect  calculation.  Recall  that  we  can  simplify  z  to  get  z(t)  =  3e_3(t,  to)e_4(t, to). 
To  simplify  the  notation,  we  are  going  to  drop  the  argument,  t,  from  our  func¬ 
tions.  Then,  substitution  gives 

(zP]^ 

Rz  =  -h  12e/„7_i  ' 


=  (3e_3e_4)  -f-  12e_3e_4  -h 


e[_7_i2^)  + 

9(e^_3)"(e^)2 


6^36^4  +  31^6^36^4 


^  ^  ^  96^36^4 

-9e_3e_4  —  126^36-4  +  12e_3e_4  -I —  ••  — 

I +  61' 


=  — 9e_3e_4  —  12e_4  [e_3  +  3r'e_3]  4-  12e__3e_4  H — — 


9e^^ 
+  3z/ 


=  — 9e_3e_4  -  36i/e_3e_4  4  ■ 


9e^  r 


I4  3i/ 


Now,  note  that 

so  we  get 

Rz  = 


c^_3c_4  —  [e_3  4  Sui-s]  [e_4  4  4z/e_4] 

=  e_3e_4  4  7i/e_3e_4  4  12zy^e^3e_4, 


[-9e_3e_4  -  361^6-36-4]  (1  4  3i/) 

49  [e_3e_4  4  7i/e_3e_4  4  12i>'^e_3e_4] 
[(-6-36-4  -  4i/e_3e_4)(l  4  3iy) 

46-36-4  4  71/6-36-4  4  121/^6-36-4] 

[—6-36-4  —  4z/e-3e-4  —  31/6-36-4  —  127/^6-36-4 


I4z^ 

9 

141/ 

9 

141/ 


46-36-4  4  77/6-36-4  4  127/^6-36-4] 


0. 
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Exercise  1.62.  Solve  the  following  Riccati  equations: 

(i)  -f-  3e(_4_3i,)(t,  to)  +  ~ 

(ii)  +  10e(_7-io,.)(i,to)  +  =  0; 

(iii)  +  12e(_8-12^)(t,io)  +  =  0- 

Now,  define  A  to  be  the  set  of  functions 

A  :=  {w  €  Clid{{p{a),cr{b)],R)  :  u{p{a))  =  u{a{b))  =  0}. 

Here,  denotes  the  set  of  all  continuous  functions  whose  V-derivatives  a: 
piecewise  Id-continuous.  Then  we  define  the  quadratic  functional  T  on  A,  by 


T{u)  := 


[p^{t){u^{t)f  -  vt. 


Definition  1.63.  We  say  T  is  positive  definite  on  A  provided  T{u)  >0  for  all 
It  e  A,  and  J^{u)  =  0  if  and  only  if  =  0. 

Lemma  1.64  (Completing  the  Square).  Assume  z  is  a  solution  of  the  Riccati 
equation  (1.5)  on  [p{a),  b].  Let  u  e  A.  Then  for  all  t  €  [a,  b],  we  have 


(zu^)^(t)  =  p'^(t){v7{t)f -q{t)u^{t) 


’(iM*) 


/pP{t)  +  v{t)zP{t) 


/pP{t)  -f  u{t)zP{t)'u!^  (t) 


Proof.  Let  2;  be  a  solution  of  the  Riccati  equation  (1.5)  on  [p(a),  5],  and  let  u  €  A. 
Then  for  t  e  [a,  5], 

+z'’{t)u'’{t)vy  (t) + z^{t)u{t)vy  (t) 

pP{t)  +  u{t)zP{t) 

+z^{t)u{t)vy  (i)  +  z^{i)v7  {t){u{t)  —  i'(t)v7{t)) 

^  ^  ^  pP{t)  +  u(t)zP{t) 

+2zP{t)u{t)u'^{t)  -  zP{t)vit){u^{t))^ 


=  P^(<)(w  (i))  -  Q{t)u^{t)  - 


pP{t)  +  u{t)zPit) 
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+2z'’{t)u{t)u^ {t)  -  {p>’{t)  +  z^{t)i'{t)){u^ 


/pP{t)  +l'{t)zP{t) 


/pp{t)  +  u{t)zP{t)u^  {t) 


Theorem  1.65.  Let  x  be  a  solution  of  (1.1)  on  [p(a), <t(6)],  and  let  c,  d  € 
[p(a),  (r{b)]  with  p{a)  <c<  cr{c)  <  d<  a{b).  If  c  =  p{a),  assume  x{c)  =  0.  Now, 
let 

f 

0  p{o)  <t<c 

u{t)  —  i  x{t)  c<t<d 

0  d  <t  <  <t(6). 


Then  u  ^  A,  and  J^u  =  C  +  D,  xuhere 


—p{c)x^{c)x{c)  z/(c)  =  0 

p^-(c)x(cK.(c).  ^ 


p{d)x^{d)x{d)  v{d)  =  0 

>  0. 


Proof  Let  x,  n  be  as  described  in  the  statement  of  the  theorem.  We  first  claim 
that  u  E  A.  It  is  apparent  from  the  definition  that  u  E 

that  u{a{b))  =  0.  The  fact  that  u{p{a))  =  0  is  also  clear  from  the  definition  unless 
p{a)  —  c.  In  this  case,  however,  u{p{a))  =  ii(c)  =  x(c)  =  0,  by  our  assumption 
on  X,  So,  u  E  A,  as  desired.  Now  consider 

r<T{b) 

ru=  [p^{t){u^{t)f -q{t)u^{t)]  Vt. 

Jp{a) 

We  have  u{t)  =  0  on  [p{a),c)  U  [d,cr(6)],  and  =  0  on  [p(a),c)  U  (d,<T(6)],  so 
we  get 

ru=  f  [pi’(t){vy{t))^ -q{t)u^{t)]  Vt 

Jo(c) 
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Breaking  up  the  integral,  we  get 

pc  pp{d) 

J^u=  Vi  +  /  ji^(t)(w^(i))^  Vi 

Jp{c)  Jc 

+  [  p'’(i)(u'^(i))^  Vi-  f  q{t)u^{t)  Vi 

Jp{d)  Jp{c) 

pp{d)  pd 

—  /  q{t)u^{t)  Vt  —  /  q{t)u^{t)  Vt. 

Jc  J  p(d) 


Now,  we  apply  Lemma  1.13  to  get 

J^u  =  p^(c)('u'^(c))^z/(c)  -h  p^{d){y7 {d))'^i'{d) 

—q{c)u^{c)u{c)  —  q{d)u^{d)i'{d) 

pp{d)  pp{d) 

+  /  Vi  -  /  q{t)u^{t)  Vi. 

J  C  d  c 

Since  u{d)  —  0,  the  fourth  term  in  this  expression  vanishes.  Furthermore,  u{t)  = 
x{t)  on  [c,  d),  and  u^{t)  —  x^{t)  on  (c,  d),  thus  we  may  substitute  x  for  u  in  the 
two  remaining  integrals.  We  make  this  substitution  and  then  evaluate  the  first 
of  the  two  remaining  integrals  by  parts,  which  yields 

J^u  =  p^(c)('a^(c))^iv(c)  p^{d){vy  {dyfv{d) 

—q{c)u^{c)v{c)  “  q{d)vJ^{d)i/{d) 

pp{d)  pp{d) 

+  1  Vi  -  y  g(i)x^(i)  Vi 

=  P^ic){u^  {c)ft'{c)  +  p^{d){u^  {d))^u(d) 

-q{c)u^{c)i'{c)+p[p{d))x^{p{d))x{p{d)) 
rpid)  „ 

~p{c)x^{c)x{c)  —  /  [p(t)a:^(t)]  x{t)  Vt 

Jc 

+  y  Vi 

=  2/(c)(w^(c)f  i/(c)  +p>’{d){v7{d))^u(d) 

-q{c)u'^{c)v{c)  +  p{p{d))x^(p{d))x(p{d)) 

tp(d) 

—p{c)x^  {c)x{c)  —  /  x(t)Lx{t)  \7t 
Jc 

=  y’(c)('u'^(c))^i/(c)  +p'’{d){vy{d)fv{d) 

-q{c)v?{c)v{c)  +p{p{d))x'^{p{d))x{p{d)) 

—p{c)x^  {c)x{c) 

=  C  +  D, 
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where 


C  =  u{c)pP{c){v7{c))‘^  -  v{c)q{c){u{c))'^ 

-p{c)x^{c)x{c), 


and 


D  =  v{d)pP{d){u^  {d)f  +  p{p{d))x^{p{d))x{p{d)). 

Note  that  if  ^{c)  =  0,  then  C  —  ~p{c)x^{c)x{c).  If  u{c)  >  0,  then  c  is  left- 
scattered,  so  we  get 

2 


c  =  iy{c)p^{c) 


u{c)-u{p{c)) 


-u{c)q{c)u^{c) 


—p{c)x^{c)x{c) 
pf^{c)x^{c) 
z/(c) 


iy{c) 

-  u{c)q{c)x^{c)  ~  p{c)x^{c)x{c) 


+p^{c)x^^{c)x{c)  —  p^{c)x^^{c)x(c) 


—u{c)x{c) 

p^{c)x‘^{c) 

u{c) 


g(c)x(c)  + 

—  p^  {c)x^  {c)x{c) 


p{c)x^{c)  —p^{c)x^^{c) 


I/(c) 


-iy{c)x{c)  (g(c)x(c)  +  [pa:^]^(c)) 


p''(c)x^(c) 

I/(c) 


—  p^(c)x(c) 


x(c)  —  x^(c)^ 

He) 


p^{c)x^{c)  —  pf^{c)x^{c)  p^{c)x{c)xP{c) 


i/(c) 


p^{c)x{c)x^{c) 

iy{c) 


so  C  is  as  described  in  the  statement  of  the  theorem.  Now  note  that  if  i/(d)  =  0, 
then  D  =  p{p{d))x^{p{d))x{p{d))  —  p{d)x^{d)x{d).  If  i/{d)  >  0,  then  d  is  left- 
scattered,  so  we  get 


D  =  i/{d)p^{d){u^ {d))^ p^{d)x^ {d)x^{d) 


=  JHid)p^{d) 


u{d)  —  u{p{d)) 


1  2 


u{d) 


+  pP{d)x'’{d) 


x{d)  —  x^{d) 
v(d) 


p'’(d)(a;^(d))^  p^{d)xP{d)x{d)  p>’(d)(x>‘{d))^ 

HJ)  Hid)  HI) 

p^{d)x^{d)x{d) 

v[d) 
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Thus  D  is  as  desired,  and  the  proof  is  complete. 


□ 


Theorem  1.66  (Jacobi’s  Condition).  The  self-adjoint  equation  (1.1)  is  dis- 
conjugate  on  [p{a)^a{b)]  if  and  only  if  is  positive  definite  on  A, 

Proof  First,  suppose  (1.1)  is  disconjugate  on  [p{a),cr{b)].  Then  there  is  a  positive 
solution,  X,  of  (1.1)  with  on  [p(a), <7(6)].  Let  z{t)  :=  Then  by  Theorem 

1.60,  2:  is  a  solution  of  Rz  =  0  on  [p(a),  b].  Thus  by  Lemma  1.64,  for  any  u  e  A, 


{z{t)u^{t))^  =  pP{t){v7{t)r -q{t)u^{i) 

zf^{t)u{t) 


2 


\/pP{t)  P  i'{t)zP{t)u^ (t) 


for  t  6  [a^b].  In  fact,  it  can  be  shown  that  this  equation  holds  at  t  =  cr(6)  as 
well.  As  the  equation  holds  on  [a,  cr(fe)],  we  may  integrate  from  p{a)  to  <j(^?),  and 
noting  that  u{p{a))  =  u{a{b))  =  0,  we  get 


P'u 


ra{ 
J  p(a 


a{b) 

p{a) 


zP{t)u{t) 


^pP{t)  +  iy{t)zP{t) 


-  y/pP{t)  +  l'it)zP(t)u^ (t) 


Vt, 


SO  Tu  >  0  for  all  tt  G  A.  Furthermore,  it  is  clear  that  if  li  =  0,  then  Tu  —  0. 
Now  suppose  Pu  =  0.  Then 


zP[t)u{t) 

^pP{t)  +  v{t)zP{t) 


\/pP{t)  +  u{t)zP{t)v7  (t), 


so  u  solves  the  initial  value  problem 


- u, 

pp  4-  uzP 


u{a{b))  =  0 


on  [a,a{b)]  Since  the  solution  of  this  IVP  is  unique,  and  gives 

u{t)  =  0  on  [a, cr(&)].  As  u{p{a))  =  0  as  well,  we  get  u{t)  =  0  on  [p(a), (t(&)]. 
Hence,  P  is  positive  definite  on  A. 

We  will  prove  the  converse  of  this  statement  by  contrapositive.  Suppose  (1.1) 
is  not  disconjugate  on  [p(a),  cr(6)].  Then  there  is  a  nontrivial  solution  x  of  (1.1) 
such  that  either  x{p{a))  —  0  and  x  has  a  generalized  zero  in  (p(a),  {7(6)],  or  x  has 
two  generalized  zeros  in  (p(a),  cr{b)].  In  either  case,  let  c  <  d  be  the  two  smallest 
generalized  zeros  of  x  in  [p{a),a{b)].  Then,  let 


0  pia)  <t  <  c 


u{t)  = 


x{i)  c  <t  <  d 


0 


d<t<  a{b). 
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Applying  Theorem  1.65,  we  then  have  !F  —  C  +  D  <  0.  As  u  is  not  identically 
0,  this  tells  us  that  T  is  not  positive  definite.  By  contrapositive,  the  proof  is 
complete.  □ 

Theorem  1.67  (Sturm  Comparison  Theorem).  Let 

Lix  =  \pi{t)x^]^  +  qi{t)x, 

L2X  =  [P2{t)x^]'^  +  q2{t)x. 

Assume  qi{t)  >  q2{t)  and  0  <  pi{t)  <  p2{t)  for  t  €  [p(a),  <t(5)].  If  Lix{t)  —  0  is 
disconjugate  on  [p(a), cr(6)],  then  L2x{t)  =  0  is  disconjugate  on  [p{a),cr{b)]. 


Proof,  Let 


rcrib) 

^i(u)  :=  /  [p^^{t){v7 {t)f  -  Qi(t)u2(t)]  Vi, 

Jp{a) 

ra{h) 

T2{u)  :=  /  [P2(^){w'^(*))^  -  <l2{t)u^{t)]  Vi. 

./  p(a) 


Assume  that  L\x{t)  =  0  is  disconjugate  on  [p(a),  cr(6)].  Then  by  Theorem  1.66, 
the  quadratic  functional  Ti  is  positive  definite  on  A.  Then,  for  ti  G  A,  we  have 


Ttu  =  /  [p^(i)(zi^(i))2-92(i)«2(t)]Vi 

d  p{a) 

p(T{b) 

>  /  [Pi(*)(w^(i))^ (*)]  Vi 

Jp{a) 


fp{a) 
=  PiU, 


Hence  T2  is  positive  definite  on  A.  Then,  again  by  Theorem  1.66,  L2X  =  0  is 
disconjugate  on  [p(a),  a (6)].  □ 


Theorem  1.68.  Let  Lix,  L2X  be  as  in  the  Sturm  Comparison  Theorem.  Then 
if  LiX  —  0  is  disconjugate  on  [p{a)^cr{b)]  for  i  =  1,  2,  and  if 

p{t)  =  Aipi(t)  +  \2P2it),  and 


q{t)  =  Xiqi(t)  -f  X2q2{t), 

where  Ai  >  0,  A2  >  0,  then  Lx  —  0  is  disconjugate  on  [p(tt),  cr(6)]. 

Proof.  Suppose  LiX  =  0  is  disconjugate  on  [p(a),(j(6)]  for  i  —  1,2.  Then  the 
quadratic  functionals  and  T2  are  positive  definite  on  A.  Then  for  u  €  we 
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have 

Tu 


nayo) 

Jp(a) 

=  /  [(-^iPlW  +  >'2P2{t)){u^  -  (Al9l(t)  +  A2?2(i))M  (i)] 

J  p{(l) 

p(T{b) 

=  /  v< 

Jp{a) 

r<7{b) 

J  p(a) 


Vt 


/p{a) 

—  T\u-\-T2n. 


Therefore,  T  is  positive  definite  on  A,  and  hence  Lx  =  0  is  disconjugate  on 
[p{a),aib)].  □ 

We  summarize  some  of  the  major  results  in  the  following  theorem. 

Theorem  1.69  (Reid  Roundabout  Theorem).  The  following  are  equivalent: 

(i)  Lx  =  0  is  disconjugate  on  [p(a),a{b)]; 

(ii)  Lx  =  0  has  a  positive  solution  on  [p{a)^cr{b)]; 

(Hi)  The  quadratic  functional  T  is  positive  definite  on  A; 

(iv)  the  Eiccati  differential  inequalihj  Rz  <0  has  a  solution  on  [p{a),b]. 

Proof  By  Theorem  1.49,  (i)  and  (ii)  are  equivalent.  By  Theorem  1.66,  (i)  and 

(iii)  are  equivalent.  By  Theorem  1.60,  (ii)  implies  (iv).  It  remains  to  show  that 

(iv)  implies  (i).  So,  assume  Rz  <0  has  a  solution,  2;  on  [p(a),6],  and  let 

w{t)  :=  Rz{t)  for  t  6  [a,  6]. 

If  p{a)  <  a,  let  w{p{a))  —  0,  and  if  a{b)  >  let  w{(7{b))  =  0.  Then  2:  is  a  solution 
of  the  Riccati  equation 

z'^it)  +  {q{t)  -  w{t))  +  ,,,  =  0 

^  ^  pp{t)-\-iy{t)zP{t) 

on  [p(a),  b].  This  implies  that  the  self-adjoint  dynamic  equation 
(p(t)x^)'^  +  {q{t)  -  w{t))x  =  0 
is  disconjugate  on  [p(a),<T(6)].  But 

q{t)  -  w{t)  >  q{t) 


on  [p(a),cr(6)],  so  by  Theorem  1.67,  Lx  =  0  is  disconjugate  on  [p(a), (r(6)],  and 
the  proof  is  complete.  □ 
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ABSTRACT.  In  this  paper,  we  examine  the  dynamic  equation  [p(f)a;^(t)]^  +  q{t)x{t)  =  0  on  a 
time  scale.  Little  work  has  been  done  on  this  equation,  which  combines  both  the  delta  and  nabla 
derivatives.  Several  preliminary  results  are  established,  including  Abel’s  Formula  and  its  Converse. 
We  then  proceed  to  investigate  oscillation  and  disconjugacy  of  this  dynamic  equation. 

AMS  (MOS)  Subject  Classification.  39A10. 

1.  NABLA  DERIVATIVES 

In  this  paper,  we  are  concerned  with  the  second-order  self-adjoint  dynamic  equa¬ 
tion 

\p{t)x^]'^  -\-  q{t)x  =  0. 

We  begin  our  work  by  reviewing  some  properties  of  the  nabla  derivative,  and  then  in 
section  2,  we  proceed  to  establish  several  results  concerning  the  interaction  of  the  two 
types  of  derivatives.  In  the  third  section  of  the  paper,  we  develop  Abel’s  Formula, 
and  its  converse,  which  we  then  use  to  prove  a  reduction  of  order  theorem.  In  the 
final  section,  we  turn  our  attention  to  oscillation  and  disconjugacy,  establishing  first 
an  analogue  of  the  Sturm  Separation  Theorem,  and  then,  via  the  Polya  and  Trench 
factorizations,  we  demonstrate  the  existence  of  recessive  and  dominant  solutions  of 
the  self-adjoint  equation. 

Here,  it  is  assumed  that  the  reader  is  already  familiar  with  the  basic  notions  of 
calculus  on  a  time  scale,  using  the  delta-derivative  (or  A-derivative).  The  reader  may 
be  less  familiar,  however,  with  the  nabla-derivative  (or  V-derivative)  on  a  time  scale, 
as  developed  by  Atici  and  Guseinov  [1] ,  and  so  we  include  here  a  brief  introduction  to 
its  properties,  as  previously  established  in  other  works,  stating  them  without  proof. 
Readers  desiring  more  information  are  directed  to  [2]  and  [1]. 

Throughout,  we  assume  that  T  is  a  time  scale.  The  notation  [a,  b]  is  understood 
to  mean  the  real  interval  [a,  b]  intersected  with  T. 
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Definition  1.1.  Let  T  be  a  time  scale.  For  t  >  inf(T),  the  backward  jump  operator, 
p{t)  is  defined  by 

p{t)  :=  sup{s  gT  :  s  <  t}, 
and  the  backward  graininess  function  u{t)  is  defined  by 

i/(i)  :=  t  -  p{t). 

If  /  :  T  R,  the  notation  ff{t)  is  understood  to  mean  f{p{t)). 

Remark  1.2.  Here,  we  retain  the  original  definition  of  ^{t).  This  definition  is  con¬ 
sistent  with  the  original  literature  published  on  V-derivatives.  It  is  inconsistent, 
however  with  the  current  work  on  a-derivatives.  When  working  with  Q;-derivatives, 
the  a-graininess,  Pa  is  defined  to  be  pa  •=  Oiif)  —  L  When  a{t)  =  p{t),  then,  we 
would  have  Pp  :=  p{t)  —  t  =  —i'{t).  This  inconsistency  is  unfortunate,  but  we  feel  it  is 
more  important  that  we  remain  consistent  with  the  way  v{t)  was  defined  in  previously 
published  work.  To  minimize  confusion,  we  recommend  the  notation  Pp{t)  =  p{t)  —  t 
be  used  in  work  that  is  to  be  interpreted  in  the  more  general  a-derivative  setting. 

Definition  1.3.  Define  the  set  as  follows:  If  T  has  a  right-scattered  minimum  m, 
set  T„  :=  T  —  {m};  otherwise,  set  =  T. 

Definition  1.4.  Let  t  G  T^.  Then  the  V -derivative  of  f  at  t,  denoted  f^{t),  is 
the  number  (provided  it  exists)  with  the  property  that  given  any  s  >  0,  there  is  a 
neighborhood  U  C  T  of  t  such  that 

!/(/>(«))  -  m  -  »ll  <  ebC*)  -  si 

for  all  s  eU. 

For  T  =  R,  the  V-derivative  is  just  the  usual  derivative.  That  is,  =  /'. 
For  T  =  Z  the  V-derivative  is  the  backward  difference  operator,  /^(t)  =  V f{t)  := 

fit)  -  fit -i). 

Definition  1.5.  A  function  /  :  T  R  is  said  to  be  left-dense  continuous  or  Id- 
continous  if  it  is  continuous  at  left-dense  points,  and  if  its  right-sided  limit  exists 
(finite)  at  right-dense  points. 

Definition  1.6.  It  can  be  shown  that  if  /  is  Id-continuous  then  there  is  a  function 
F,  called  a  V -antiderivative,  such  that  F'^{t)  =  f{t)  for  all  t  G  T.  We  then  define 
the  V -integral  (V-Cauchy  integral)  of  /  by 

ff{s)  Vs  =  F{t)-F{to). 

Jto 

Theorem  1.7.  Assume  f  :  T  is  a  function  and  let  t  G  T«.  Then  we  have  the 
following: 
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1.  If  f  is  nabla- differentiable  at  then  f  is  continuous  at  t. 

2.  If  f  is  continuous  at  t  and  t  is  left-scattered,  then  f  is  nabla- differentiable  at  t 
with 

_  fit)  -  /(p(^)) 

^  ^  ^  ■ 

3.  Ift  is  left-dense,  then  f  is  nabla- differentiable  at  t  iff  the  limit 


t  —  S 


exists  as  a  finite  number.  In  this  case 


Fit)  =  lim 


.  fit)  -  fis) 


t  t  —  s 


4.  If  f  is  nabla-differentiable  at  t,  then 


m  =  /(()  - 


Other  properties  of  both  the  V-derivative  and  the  V-integral  are  analogous  to 
the  properties  of  the  A-derivative  and  A-integral.  For  example,  both  differentiation 
and  integration  are  linear  operations,  and  there  are  product  and  quotient  rules  for 
differentiation,  as  well  as  integration  by  parts  formulas.  Readers  interested  in  the 
specifics  can  find  more  details  in  [2]. 


2.  PRELIMINARY  RESULTS 

We  are  interested  in  the  second-order  self-adjoint  dynamic  equation 
(2.1)  Lx  =  0  where  Lx  =  \p{t)x^]'^  +  q{t)x. 

Here  we  assume  that  p  is  continuous,  q  is  Id-continuous  and  that 

p{t)  >  0  for  all  t  ET. 

Define  the  set  D  to  be  the  set  of  all  functions  x  :  T  — >■  R  such  that  :  T''  R  is 
continuous  and  such  that  — >  R  is  Id-continuous.  A  function  x  G  D  is 

said  to  be  a  solution  of  Lx  =  0  on  T  provided  Lx{t)  =  0  for  alH  G  T”. 

Since  the  equation  we  are  interested  in,  equation  (2.1),  contains  both  A-  and  V- 
derivatives,  we  establish  here  some  results  regarding  the  relationship  between  these 
two  types  of  derivatives  on  time  scales. 

One  of  the  following  results  relies  on  L’Hopital’s  rule.  A  version  of  L’Hopital’s 
rule  involving  A-derivatives  is  contained  in  [2] .  We  state  its  analog  for  V-derivatives 
here.  As  we  may  wish  to  use  L’Hopital’s  rule  to  evaluate  a  limit  as  t  ±oo,  we 
make  the  following  definition. 
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Definition  2.1.  Let  e  >  0.  If  T  is  unbounded  below,  we  define  a  right  neighborhood 
of  —00,  denoted  Rg{—cxi)  by 

Rg{—oo)  =  e  T  :  t  <  — - 

We  next  define  a  right  neighborhood  for  points  in  T. 

Definition  2.2.  Let  e  >  0.  For  any  right-dense  to  €  T,  define  a  right  neighborhood 
of  to,  denoted  Re{to),  by 

Reito)  :=  {t  e  T  :  0  <  t  —  to  <  £}• 


Theorem  2.3  (L’Hopital’s  Rule).  Assume  f  and  g  are  V -differentiable  onT  and  let 
to  €  TU  {— oo}.  If  to  E  T,  assume  to  is  right-dense.  Furthermore,  assume 

lim  /(t)  =  lim  g{t)  =  0, 


and  suppose  there  exists  e  >  0  such  that  g{t)g'^{t)  >  0  for  all  t  €  i?e(to).  Then 

liminf  <  liminf  M  <  ItosupM  < 

.-.j  9^(i)  “  g{t]-  sW  “  9''(t) 

Proof.  Without  loss  of  generality,  assume  g{t)  and  g^{t)  are  both  strictly  positive  on 

i?e(to). 

Let  6  e  (0,£],  and  let  a  :=  inf^6flj(t(,)  b  :=  sup^g;^^((„)  To  complete 

the  proof,  it  suffices  to  show 

a  <  inf  <  sup  ^ 

reRsito)  g[T)  r€Rs(to)  9{V 

as  we  may  then  let  5  0  to  obtain  the  desired  result. 

We  must  be  careful  here,  as  either  a  or  6  could  possibly  be  infinite.  Note,  however, 
that  since  g^^r)  >  0  on  Rs{to),  we  have  a  <  oo.  Similarly,  b  >  — oo.  So  our  only 
concern  is  if  a  =  — oo  or  b  —  oo.  But,  if  a  =  — oo,  we  have  immediately  that 

.<  „  M, 

reRsito)  gir) 

as  desired,  and  if  6  =  oo  we  have  immediately  that 

sup  <  b, 

rORsito)  9v) 

as  desired.  Therefore,  we  may  assume  that  both  a  and  b  are  finite.  Then 
ag^(r)  <  /^(r)  <  65^  (r)  for  all  r  €  Rs(to), 


and  by  a  theorem  of  Guseinov  and  Kaymakgalan  [3] , 

/  ag^{T)  Vr  <  f  /'^(r)  Vr  <  f  bg'^ (j)  Vr  for 

Jt  Jt  Jt 


all  s,t  e  Rsito),  t  <  s. 
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Integrating,  we  see  that 

ag{s)  -  ag{t)  <  f{s)  -  f{t)  <  bg{s)  -  bg{t)  for  all  s,t  e  Rs{to),  t  <  s. 
Letting  t  t^,  we  get 

o.g{s)  <  f{s)  <  bg{s)  for  all  s  G  Rsito), 


and  thus 


/(f) 
seRx(tn)  a(s) 


a  <  inf 


<  sup 


m 


^  /  j  \ 


- 


<b. 


Then,  by  the  discussion  above,  the  proof  is  complete. 


□ 


Remark  2.4.  Although  the  preceding  theorem  is  only  stated  in  terms  of  one-sided 
limits,  an  analogous  result  can  be  established  if  the  limit  is  taken  from  the  other 
direction.  Left  neighborhoods  of  oo  or  of  points  in  T  are  defined  in  similar  manner 
to  right  neighborhoods.  To  apply  L’Kopital’s  rule  using  a  left-sided  limit,  to  must 
be  left-dense  (or  oo  if  T  is  unbounded  above),  and  gg'^  must  be  strictly  negative  on 
some  left  neighborhood  of  to- 


In  order  to  determine  when  the  two  types  of  derivatives  may  be  interchanged,  we 
need  to  consider  some  of  the  points  in  our  time  scale  separately,  so  let 

A  :=  {t  G  T  I  t  is  left-dense  and  right-scattered},  :=  T  \  A. 


Additionally,  let 

B  :=  {t  eT  I  t  is  right-dense  and  left-scattered},  Ts  :=T\B. 
The  following  lemma  is  very  easy  to  prove,  and  we  omit  the  proof  here. 
Lemma  2.5.  If  t  E  then  a{p{t))  =  t.  If  t  E  Tb  then  p{a{t))  —  t. 


Theorem  2.6.  //  /  :  T  — >  R  is  A-differentiable  on  and  f^  is  rd-continuous  on 
T”  then  f  is  V -differentiable  on  T^,  and 


fit)  = 


fipit))  tETA 
lim5_(-  f^{s)  tE  A. 


If  g  :  T  ^  M.  is  V -differentiable  on  and  g^  is  Id-eontinuous  on  T,,,  then  g  is 
A-differentiable  on  and 


g^{a{t))  tETB 

lims_t+  g'^{s)  tEB. 


Proof  We  will  only  prove  the  first  statement.  The  proof  of  the  second  statement  is 
similar.  First,  assume  t  E  Ta-  Then  there  are  two  cases:  Either 


1.  t  is  left-scattered,  or 

2.  t  is  both  left-dense  and  right-dense. 
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Case  1:  Suppose  t  is  left-scattered  and  /  is  A-differentiable  on  T'^.  Then  /  is  continu¬ 
ous  at  t,  and  is  therefore  V-differentiable  at  t.  Next,  note  that  p{t)  is  right-scattered, 
and 


r(p(i))  = 


fHpm  -  fjpjt)) 

o-(pW)  -  pW 

fjt)  -  /(pW) 

t  -  p{t) 

fit). 


Case  2;  Now,  suppose  t  is  both  left-dense  and  right-dense,  and  /  :  T  — ^  R  is  continuous 
on  T  and  A-differentiable  at  t.  Since  t  is  right-dense  and  /  is  A-differentiable  at  t, 
we  have  that 


lim 

S—^t 


m  -  m 

t~s 


exists.  But  t  is  left-dense  as  well,  so  this  expression  also  defines  y{t),  and  we  see 


that 


fit) 


lim 

s^t 


/(()  -  /(») 

t  —  S 


nt) 

Pipm- 


So,  we  have  established  the  desired  result  in  the  case  where  t  eTa- 

Now  suppose  t  e  A.  Then  t  is  left-dense.  Hence  /^(t)  exists  provided 

fit)  -  m 


lim  ■ 

s— 


t 


exists. 

As  t  is  right-scattered,  we  need  only  consider  the  limit  as  s  — >  t  from  the  left. 
Then  we  apply  L’Hopital’s  rule  [2],  differentiating  with  respect  to  s  to  get 

Ita  ZffluM  =  ito  zAW  =  lim  Pis). 

s—^t—  t  —  S  s-^t—  — 1  S— 

Since  we  have  assumed  that  is  rd-continuous,  this  limit  exists.  Hence  /  is 
V-differentiable,  and  /^(t)  =  lims_,t_  as  desired.  □ 


Corollary  2.7.  If  to  €  T,  and  /  :  T  — »•  R  is  rd-continuous  on  T  then  /(T)Ar  is 
V-differentiable  on  T  and 

fipit))  ifteJA 
lim5_,j-  f{s)  te  A. 


If  to  G  T,  and  g  :  T 
T  and 


f 

Jto 


is  ld~continuous  on  T  then  5(t)  Vr  is  A-differentiable  on 

sWVrl"  =  (fW> 

J  I  9{s)  t  e  B, 


A  SECOND-ORDER  SELF-ADJOINT  DYNAMIC  EQUATION  ON  A  TIME  SCALE 


7 


The  following  corollary  was  previously  established  by  Atici  and  Guseinov  in  their 
work  [1]. 

Corollary  2.8.  If  f  :  T  ^  R  is  A- differentiable  on  and  if  f^  is  continuous  on 
then  f  is  V -differentiable  on  and 

/V(t)  =  /Ap(i)  forteT.. 

Ifg-.T-^R  is  V -differentiable  on  T'^  and  if  is  continuous  on  then  g  is 
A- differentiable  on  and 

g^{t)^g^^{t)  forteT\ 


3.  ABEL’S  FORMULA  AND  REDUCTION  OF  ORDER 


We  begin  this  section  by  looking  at  the  Lagrange  Identity  for  the  dynamic  equa¬ 
tion  (2.1).  We  establish  several  corollaries  and  related  results,  including  Abel’s  For¬ 
mula  and  its  converse.  We  conclude  the  section  with  a  reduction  of  order  theorem. 
Some  of  the  results  in  this  section  are  due  to  Atici  and  Guseinov.  Specifically,  Theo¬ 
rem  3.1  and  Corollary  3.5  were  previously  established  in  their  work  [1].  Our  conditions 
on  p  and  q  are  less  restrictive  than  Atici  and  Guseinov’s,  and  our  domain  of  interest, 
D,  is  defined  more  broadly.  In  spite  of  this,  however,  many  of  the  proofs  contained 
in  [1]  remain  valid.  As  this  is  the  case,  we  have  omitted  the  proofs  of  some  of  the 
following  theorems,  and  refer  the  reader  to  Atici  and  Guseinov’s  work. 

Theorem  3.1.  If  to  G  T,  and  xq  and  Xi  are  given  constants,  then  the  initial  value 
problem 

Lx  =  0,  x{to)  =  xoi  x^(to)  =  xi 
has  a  unique  solution,  and  this  solution  exists  on  all  ofT. 


Definition  3.2.  If  x,y  are  A-differentiable  on  T**,  then  the  Wronskian  of  x  and  y, 
denoted  W{x,y){t)  is  defined  by 


W{x,y){t) 


x{t)  y{t) 

x\t)  yHt) 


for  t  G  T'*. 


Definition  3.3.  If  x,y  are  A-differentiable  on  T'',  then  the  Lagrange  bracket  of  x 
and  y  is  defined  by 


{x]  y}{t)  =  p{t)W (x,  y){t)  for  t  G  T. 


Theorem  3.4  (Lagrange  Identity).  Ifx,ye  D,  then 

x{t)Ly{t)  -  y{t)Lx{t)  =  {x;  2/}'^(t)  for  t  G 
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Proof.  Let  x,  y  E  D.  We  have 

=  \pW{x,y)]'^ 

=  [xpy^  -  ypx^Y^ 

=  x^pPy^'^  +  x[py^]'^  —  y^p^x^^  —  y\px^]'^ 

=  x^pPy^  +  x\py^^  —  y^jfx^  —  y\px^]^ 

=  xlpy^]^  -  y\px^]'^ 

=  ^{\py^r  +  Qy)  -  y{\px^r  +  q^) 

=  xLy  —  yLx, 

where  we  have  made  use  of  the  fact  that  x^  and  y^  are  continuous  and  applied 
Corollary  2.8.  □ 

Corollary  3.5  (Abel’s  Formula).  Ifx,y  are  solutions  of  (2.1)  then 

W{x,y){t)  =  ^^  /ort€T«, 

where  C  is  a  constant. 


Definition  3.6.  Define  the  inner  product  of  x  and  y  on  [a,  b]  by 

{x,y)  :=  j  x{t)y{t)Vt. 

J  a 

Corollary  3.7  (Green’s  Formula).  If  x,y  then 

{x,Ly)  -  {Lx,y)  =  [p(t)W {x ,  y)]^. 

Theorem  3.8  (Converse  of  Abel’s  Formula).  Assume  u  is  a  solution  of  (2.1)  with 
u{t)  ^  0  for  t  G  T.  7/  u  G  D  satisfies 

then  V  is  also  a  solution  of  (2.1). 


Proof.  Suppose  that  u  is  a  solution  of  (2.1)  with  u{t)  ^  0  for  any  t,  and  assume  that 
u  G  D  satisfies  W{u,v)(t)  =  Then  by  Theorem  3.4,  we  have 


u{t)Lv{t)  —  v{t)Lu{t)  =  {u;v}'^{t) 


u{t)Lv{t)  =  \p{t)W{u,v){t)]'^ 


=  W) 


V 


= 

=  0. 
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As  u{t)  ^  0  for  any  t,  we  can  divide  through  by  it  to  get 

Lv{t)  =  0  forteT;:. 
Hence  n  is  a  solution  of  (2.1)  on  T. 


□ 


Theorem  3.9  (Reduction  of  Order).  Let  to  6  and  assume  u  is  a  solution  of  (2.1) 
with  u{t)  7^  0  for  any  t.  Then  a  second,  linearly  independent  solution,  v,  of  (2.1)  is 
given  by 

f*  1 

v(t)  =  u(t)  /  .  -  /T - 

Jto  p{s)u{s)u^{s) 

for  t  G  T. 

Proof.  By  Theorem  3.8,  we  need  only  show  that  n  G  B  and  that  W{u,  v){t)  =  ^  for 
some  constant  C.  Consider  first 

VR(u,n)(t)  =  u{t)v^{t) —v{t)u^{t) 


=  u{t) 


u 


Jto  p{s)u{s)u'’{s) 


+ 


u%t) 


p{t)u{t)u^{t)\ 


1 

—u^(t)u{t)  I  ,  ,  .  ■ — r^As 
^  Vto  p{s)u{s)u-{s) 

,  ,  A  ,  ,  /■*  1  .  u(t)u‘^(t) 

=  u(t)u^(t)  /  ■  y  v - T-rAs-l - .  '  ,  ' - r-r 

Jto  PisMs)u<^is)  p{t)u{t)u<^{t) 


pity 

Here  we  have  C  =  1.  It  remains  to  show  that  u  G  B.  We  have  that 


v^it)  = 


Ito  Pis)u{s) 


‘As  ■ 


u^{t) 


s)u°^{s)  p{t)u{t)u'^{t) 

^  Jto  p{s)u{s)u^{s)  p{t)u{t) 


Since  u  G  B,  w(t)  ^  0  and  p  is  continuous,  we  have  that  is  continuous.  Next, 
consider 


mvHtr  = 


+ 


[u{t)\ 


As 


+jf{t)u^^{t) 


r _ 1 

Jto  p{s)u{s 


s)u^{s) 


As 


u{t)uP{t) 
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Now,  the  first  and  last  terms  are  Id-continuous.  It  is  not  as  clear  that  the  center  term 
is  Id-continuous.  Specifically,  we  are  concerned  about  whether  or  not  the  expression 


[/ 


n  V 


p{s)u{s)u‘^{s) 


As 


is  Id-continuous.  Note  that  the  integrand  is  rd-continuous.  Hence  Corollary  2.7 
applies  and  yields 


/ 

Jtn 


1 


-At 


Simplification  of  this  expression  gives 

1 


lim«— t-  p(s)u(s)u<'(s) 


1 


at  £Ta 

teA. 


7' 


p{t)u{t)u'^  {t) 


At 


for  t  6  T. 


pp{t)uP{t)u{t) 

This  function  is  Id-continuous,  and  so  we  have  that  u  €  D.  Hence  by  Theorem  3.8,  v 
is  also  a  solution  of  (2.1).  Finally,  note  that  as  W{u,v){t)  =  ^  7^  0  for  any  t,  u  and 
V  are  linearly  independent.  □ 


4.  OSCILLATION  AND  DISCONJUGACY 


In  this  section,  we  establish  results  concerning  generalized  zeros  of  solutions  of 
(2.1),  and  examine  disconjugacy  and  oscillation  of  solutions. 

Definition  4.1.  We  say  that  a  solution,  x,  of  (2.1)  has  a  generalized  zero  at  t  if 

x{t)  =  0 

or,  if  t  is  left-scattered  and 

x{p{t))x{t)  <  0. 

Definition  4.2.  We  say  that  (2.1)  is  disconjugate  on  an  interval  [a,  6]  if  the  following 
hold. 

1.  If  X  is  a  nontrivial  solution  of  (2.1)  with  x(a)  =  0,  then  x  has  no  generalized 
zeros  in  (a,  6]. 

2.  If  X  is  a  nontrivial  solution  of  (2.1)  with  x(a)  7^  0,  then  x  has  at  most  one 
generalized  zero  in  {a,b]. 


We  will  investigate  oscillation  of  (2.1)  as  t  approaches  the  supremum  of  the  time 
scale.  Let  u  =  supT.  If  a;  <  00,  we  assume  p{u))  =  w.  Furthermore,  if  a;  <  00,  we 
allow  the  possibility  that  a;  is  a  singular  point  for  p  or  q. 

Definition  4.3.  Let  uj  =  supT  be  as  described  above,  and  let  a  G  T.  We  say  that 
(2.1)  is  oscillatory  on  [a,a;)  if  every  nontrivial  real-valued  solution  has  infinitely  many 
generalized  zeros  in  [a,  w).  We  say  (2.1)  is  nonoscillatory  if  it  is  not  oscillatory. 
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The  following  Lemma  is  a  direct  consequence  of  the  definition  of  nonoscillatory. 

Lemma  4.4.  Let  uj  =  supT  he  as  described  above,  and  let  a  G  T.  Then  if  (2.1)  is 
nonoscillatory  on  \a,uj),  there  is  some  to  ET,  to  >  a,  such  that  (2.1)  has  a  positive 
solution  on  [^o^^^)• 

Theorem  4.5  (Sturm  Separation  Theorem).  Let  u  and  v  be  linearly  independent 
solution  of  (2.1).  Then  u  and  v  have  no  common  zeros  in  T''.  If  u  has  a  zero  at 
ti  €  T,  and  a  generalized  zero  at  t2  >  ti  E  T,  then  v  has  a  generalized  zero  in  {ti,t2]- 
If  u  has  generalized  zeros  at  ti  eT  and  t2>  ti  E  T,  then  v  has  a  generalized  zero  in 
[tuh]- 


Proof.  If  u  and  v  have  a  common  zero  at  to  G  then 


W{u,v){to) 


u{to)  v(to) 
u^(to)  v^(to) 


Hence  u  and  v  are  linearly  dependent. 


Now  suppose  u  has  a  zero  at  ti  E  T,  and  a  generalized  zero  at  t2  >  ti  E  T. 
Without  loss  of  generality,  we  may  assume  t2  >  <y{h)  is  the  first  generalized  zero  to 
the  right  of  t\,  u{t)  >  0  on  (^1,^2),  and  11(^2)  <  0.  Assume  u  is  a  linearly  independent 
solution  of  (2.1)  with  no  generalized  zero  in  (ti,  t2]-  Without  loss  of  generality,  v{t)  >  0 
on  [ti,t2]- 

Then  on  [^1,^2]) 


v{t)u^{t)  —  u{t)v^{t) 
v{t)v^{t) 


C 

p{t)v{t)v^{ty 


which  is  of  one  sign  on  [ti,t2)-  Thus  ^  is  monotone  on  [ti,t2]-  Fix  h  €  (ti,t2)-  Note 
that 

u(ti)  „  ,  u(U) 

^  ^  =  0,  and  -77#  >  0. 


But 


v{h)  v{to) 

U{t2) 


V{t2) 


<  0, 


which  contradicts  the  fact  that  ^  is  monotone  on  [ti,t2].  Hence  v  must  have  a  gener¬ 
alized  zero  in  (ti,t2]- 


Finally,  suppose  u  has  generalized  zeros  at  ti  G  T  and  t2  >  ti  E  T.  Assume 
t2  >  cr(ti)  is  the  first  generalized  zero  to  the  right  of  ti.  If  u{ti)  —  0,  we  are  in 
the  previous  case,  so  assume  u{ti)  ^  0.  Then,  as  u  has  a  generalized  zero  at  ti,  we 
have  that  ti  is  left-scattered.  Without  loss  of  generality,  we  may  assume  u{t)  >  0 
on  [ti,t2))  u{p{ti))  <  0  and  u{t2)  <  0.  Assume  u  is  a  linearly  independent  solution 
of  (2.1)  with  no  generalized  zero  in  [ti,t2).  Without  loss  of  generality,  v{t)  >  0  on 
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[^15^2)5  Riid  v{p{ti))  >0.  In  a  similar  fashion  to  the  previous  case,  we  apply  Abel’s 
Formula  to  get  that  ^  is  monotone  on  [p(ti),t2]-  But 


uipjti)) 

v{p{ti)) 


ujh) 

v{tx) 


>0, 


and 


U{t2) 

V{t2) 


<0, 


which  is  a  contradiction.  Hence  v  must  have  a  generalized  zero  in  [^1,^2]-  D 


Theorena  4.6.  If  (2.1)  has  a  positive  solution  on  an  interval  J  C  T  then  (2.1)  is 
disconjugate  on  I.  Conversely,  ifa,b  €  and  (2.1)  is  disconjugate  on  [p(a),cr(6)]  C 
T,  then  (2.1)  has  a  positive  solution  on  [p{a),a{b)]. 


Proof.  If  (2.1)  has  a  positive  solution,  u  on  J  C  T,  then  disconjugacy  follows  from 
the  Sturm  Separation  Theorem. 

Conversely,  if  (2.1)  is  disconjugate  on  the  compact  interval  [p(a),  it(6)],  then  let 
u,v  be  the  solutions  of  (2.1)  satisfying  u{p{a))  =  0,u^{p{a))  =  1  and  v{(7{b))  = 
0,v^{b)  =  —1.  Since  (2.1)  is  disconjugate  on  [p{a),a{b)],  we  have  that  u{t)  >  0  on 
(p(a),  cr(l>)],  and  v{t)  >  0  on  [p{a),a{b)).  Then 

x{t)  =  u{t)  +  v{t) 

is  the  desired  positive  solution.  □ 

Theorem  4.7  (Polya  Factorization).  If  (2.1)  has  a  positive  solution,  u,  on  an  interval 
X  C  T,  then  for  any  x  €  D,  rae  get  the  Polya  Factorization 

Lx  =  ai{t){a2[oiix]^}^{t)  for  t  E  I, 


where 


and 


Proof.  Assume  that  u  is  a  positive  solution  of  (2.1)  on  I,  and  let  x  €  D.  Then  by  the 
Lagrange  Identity  (Theorem  3.4), 

u(t)Lx{t)  —  x{t)Lu{t)  =  {'ti;x}^(t) 

Lx{t)  =  ;^{pVF(u,x)}^(t) 

=  ai{t){a2[aix]^}'^{t), 


for  t  El,  where  ai  and  02  are  as  described  in  the  theorem. 


□ 
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Theorem  4.8  (Trench  Factorization).  Let  a  G  T,  and  let  uj  :=  supT.  If  u  <  oo, 
assume  piu)  —  u.  If  (2.1)  is  nonoscillatory  on  [a,u}),  then  there  is  to  €.T  such  that 
for  any  x  EH),  we  get  the  Trench  Factorization 

Lx{t)  =  (3i{t){p2[Pix]^}'^  {t) 
fort  €  [to)L^);  where  >  0  on  o,nd 

r  1  A 
/  .At  =  oo. 


Proof.  Since  (2.1)  is  nonoscillatory  on  [a,  to),  (2.1)  has  a  positive  solution,  u  on  [to,uj) 
for  some  to  6  T.  Then  by  Theorem  4.7,  Lx  has  a  Polya  factorization  on  [to,^^)-  Thus 
there  are  functions  oi  and  02  such  that 

Lx{t)  =  ai{t){a2[aix\^y^ {t)  for  t  e  [to,^^), 
defined  as  described  in  the  preceding  theorem.  Now,  if 


r  1 
Jtn  «2(< 


-At  =  00, 


k  o^2{tr  ’ 

then  take  /?i(t)  =  aift),  and  /?2(t)  =  02 (i),  and  we  are  done.  Therefore,  assume  that 


r  1 

Jta  ai2(< 


-At  <  00. 


In  this  case,  let 


A(i) = P2{t) = Mt)  r  r  -T 

ft  Jt  «2(S)  J,it) 


for  t  €  [to)t<j)-  Note  that  as  0:1,02  >  0,  we  have  /3i,i02  >  0  as  well.  Also, 


r  1 

Jto  1^2(1 


«2(i)/r 


=  lim  r  [-p-4 

[/,  si) 


r-L-As 

Jt  a2M^b 


=  lim  — T — — 

6-*w,6eT  .  — 7-^As 

_Jb  a2(s) 


Now  let  a;  E  D.  Then 


_Jt  a2(s)^^ 

for  t  E  So  we  get 


It 


l32{t)[Pi{t)x]^  =  a2{t)[ai{t)x{t)]^  ai(i)a:(i) 
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for  t  G  [to^u).  Taking  the  V  ^derivative  of  both  sides  gives 

+  {a2{t)[ai{t)x{t)]^Y 

for  t  E  We  now  claim  that  the  last  two  terms  in  this  expression  cancel.  To  see 

this,  put  the  expression  back  in  terms  of  our  positive  solution  u,  and  consider  t  E  A 
and  t  E  Ta  separately.  Careful  application  of  Theorem  2.6  then  shows  that  these 
terms  do,  in  fact  cancel,  and  we  get 

{p2{t)[Pi{t)x{t)Yy  =  {a2{t)[ai{t)x{t)Yy 

It  then  follows  that 

(3i{t)  {l32{t)[Pi{t)x{t)Y}'^  =  Q;i(t)  {a2(i)[ai(t)a;(t)]^}'^  =  Lx{t), 

for  t  G  [to,uj)  and  the  proof  is  complete.  □ 

Theorem  4.9  (Recessive  and  Dominant  Solutions).  Let  a  G  T,  and  let  u  :=  supT. 
If  (jj  <  oo  the  we  assume  p{u)  =  u.  If  (2.1)  is  nonoscillatory  on  [a,  cu),  then  there 
is  a  solution,  u,  called  a  recessive  solution  at  u,  such  that  u  is  positive  on  [to,(jv)  for 
some  to  G  and  if  v  is  any  second,  linearly  independent  solution,  called  a  dominant 
solution  at  u,  the  following  hold. 

1.  limt_,^_  ^  =  0 
2'  fto  p(t)u(t)u^(t)^^  ^  ^ 

<ooforb<u,  sufficiently  close,  and 
^  for  t  <  uj,  sufficiently  close. 

The  recessive  solution,  u,  is  unique,  up  to  multiplication  by  a  nonzero  constant. 

The  proof  of  this  theorem  is  directly  analogous  to  the  standard  proof  used  in  the 
differential  equations  case.  See,  for  example,  [5] 

Research  supported  by  NSF  Grant  0072505.  The  views  expressed  in  this  article  are  those  of  the 
author  and  do  not  reflect  the  official  policy  or  position  of  the  United  States  Air  Force,  Department 
of  Defense,  or  the  U.S.  Government. 


REFERENCES 

[1]  F.  Merdivenci  Atici  and  G.  Sh.  Guseinov.  On  Green’s  functions  and  positive  solutions  for  bound¬ 
ary  value  problems.  J.  Comput.  Appl  Math.,  141:75-99,  2002. 

[2]  M.  Bohner  and  A.  Peterson.  Dynamic  Equations  on  Time  Scales.  Birkhauser,  2001. 


A  SECOND^ORDER  SELF-ADJOINT  DYNAMIC  EQUATION  ON  A  TIME  SCALE 


15 


[3]  G.  Sh.  Guseinov  and  B.  Kaymakgalan.  On  the  Riemann  integration  on  time  scales.  In  B.  Aulbach, 
S.  Elaydi,  and  G.  Ladas,  editors,  Conference  Proceedings  of  the  Sixth  International  Conference 
on  Difference  Equations  and  Applications^  Augsburg,  2001.  Taylor  and  Francis.  To  appear. 

[4]  W.  Kelley  and  A.  Peterson.  Difference  Equations,  An  Introduction  with  Applications.  Academic 
Press,  2nd  edition,  2001. 

[5]  W.  Kelley  and  A.  Peterson  The  Theory  of  Differential  Equations:  Classical  and  Qualitative. 
Prentice  Hall.  To  appear. 


